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Abstract

Motivated by real-world online markets such as online advertising and cloud computing, this the-

sis investigates adversarial online resource allocation problems. Specifically, we focus on settings in

which a decision-maker controls a limited supply of resources and must make immediate, irrevocable

allocation decisions upon the sequential arrival of buyers, each possessing distinct valuations. Uncer-

tainty regarding future buyer valuations and overall market demand introduces inherent complexity

into these online decision-making scenarios.

To address these challenges, we study two primary adversarial online allocation models: on-

line selection and online matching. Both models consider a scenario in which the decision-maker,

constrained by limited units of resources, encounters buyers sequentially—each with individual val-

uations—and must allocate resources immediately upon each buyer’s arrival. Our primary focus

is on a class of online selection and matching problems characterized by diseconomy-of-scale (i.e.,

increasing difficulty or cost associated with producing additional units of resources) and resource

reusability (i.e., allocated resources become available again after a certain period). For each of these

problems, this thesis develops randomized algorithms achieving optimal or near-optimal competitive

guarantees. From a technical perspective, our approach builds upon two core methodologies. First,

we show that the challenge posed by diseconomy-of-scale can be effectively managed through ran-

domized dynamic posted-price mechanisms, wherein the seller sets resource-specific prices, allowing

buyers to select options maximizing their individual utilities in a take-it-or-leave-it fashion. Second,

we adopt the relax-and-round framework, initially employing resource-specific pricing functions to

generate fractional allocations, which are subsequently converted into integral decisions via novel
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online rounding procedures. This combined approach effectively addresses uncertainty related to

future buyer valuations and resource demands, contributing deeper insights into optimal resource

allocation strategies in dynamic online markets.
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Preface

Parts of this thesis are based on two previously published papers. Chapter 2 is based on the paper
published in the 2025 ACM Web Conference (WWW 2025) [JSBT25]. Chapter 4 is based on the
paper published in the 2024 Conference on Web and Internet Economics (WINE 2024) [SJTB24].
Chapters 3, 4, and 6 are based on ongoing work that is part of a larger project and is intended for
future publications.
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Chapter 1

Introduction

Online resource allocation—the process of assigning limited resources to sequential online requests
to maximize social welfare or profit—has been a central research topic in computer science and
operations research. This area has significant applications in domains such as cloud comput-
ing [ZLW17, ZHW+15], network routing [CST22, AAP93, BN09], and various market-driven online
platforms [OP12, KFV15]. A common assumption in existing literature is that a seller or decision-
maker possesses a finite inventory of resources that must be allocated to a sequence of online buyers,
each with distinct valuations. Typical objectives in these problems include maximizing social welfare
(i.e., the aggregate valuations of buyers who receive resources) or optimizing revenue generation for
the seller. The inherent challenge arises from the irrevocable nature of online decisions, necessitating
algorithmic strategies that effectively balance efficiency and competitiveness under uncertainty.

Recent studies have introduced more generalized mathematical models that more precisely cap-
ture the dynamics of online markets, broadening their applicability to diverse real-world scenarios.
For example, researchers have examined situations where decision-makers face diseconomies of scale
in resource provisioning—that is, scenarios in which the marginal cost of supplying each additional
unit increases. In cloud computing systems, for instance, server power costs grow superlinearly
with increased resource utilization [AAZ16]. Similarly, congestion costs such as end-to-end delay
in network routing escalate significantly with higher traffic intensity. In Chapter 2, we study the
online selection problem under diseconomies of scale, which models an online market in which sell-
ers face increasing marginal production costs. We develop algorithms that effectively address these
challenges while achieving strong performance guarantees.

Furthermore, inspired by real-world applications such as Internet advertising, personalized rec-
ommendations, and crowdsourcing, recent research has proposed theoretical models—such as the
online assortment planning problem and online matching (and their various variants)—that capture
the inherent trade-offs and complexities of these markets. In these scenarios, a seller must dy-
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namically select an optimal subset of products or services from a finite, multi-resource inventory to
present to incoming buyers. The primary objective is to maximize revenue or social welfare by align-
ing the offered assortment with each buyer’s valuations while simultaneously maintaining balanced
inventory levels across resource types. Consequently, substantial research has focused on devel-
oping dynamic assortment and pricing strategies that deliver strong performance outcomes while
preserving inventory balance. In Chapters 5 and 6, we investigate problems within this context.

Unlike the aforementioned studies that primarily address permanent resource allocation, recent
research has shifted attention to models where resources can be reused multiple times. For instance,
companies such as Amazon, Google, and Microsoft Azure offer cloud computing services in which
users rent computing capacity for a specified period before returning it. Similarly, firms like Rent the
Runway and Glam Corner rent fashion items, and companies such as CubeSmart and MakeSpace
lease storage units that customers return after use. Resource reusability introduces additional com-
plexity to real-time resource allocation, as platforms must accommodate overlapping usage periods
and fluctuating demand while maintaining high service quality and profitability. Motivated by these
applications, we study online markets capturing the dynamics of allocating reusable resources in
Chapters 3, 4, and 6.

To design online algorithms with performance guarantees, researchers have examined online
allocation problems under different arrival models. For example, the secretary problem [Gar70]
assumes that prices arrive in a uniformly random order, while the prophet inequality [SC84] assumes
that prices are drawn from known distributions. In contrast to these stochastic models, our work
in this thesis focuses on an adversarial setting where buyer valuations can be arbitrary within
a bounded range, and we do not assume any prior knowledge about the demand for different
resources over an unknown horizon. This setting has been widely studied in classic online search
problems [EYFKT01, LPS09, JLTZ21a] and the online knapsack problem [ZCL08, SYH+22], and
it has various applications in revenue management [MSL20, BQ09]. Furthermore, in this thesis,
we evaluate the performance of online algorithms using the competitive ratio as our primary metric
[BEY98]. The competitive ratio measures the worst-case performance of an online algorithm relative
to an optimal offline solution that has complete information. Specifically, an online algorithm ALG is
said to be α-competitive if, for any input instance I of the problem, the following inequality holds:

α ≥ OPT(I)
E[ALG(I)]

, (1.1)

where the expectation E[ALG(I)] is taken over the randomness of the online algorithm, and OPT(I)

denotes the performance of the optimal offline clairvoyant algorithm that has the full knowledge of
instance I.
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1.1 Problem Overview

In this section, we provide an overview of the problems studied in Chapters 2–6 and illustrate their
connections to the broader literature on online optimization under adversarial arrival models.

1.1.1 kSelection-cost: Online Selection with Diseconomy of Scale

In this problem, we study online allocation with increasing marginal production costs. In particular,
we frame it as an online k-selection with diseconomies-of-scale (kSelection-cost) in a posted price
mechanism: A seller offers a certain resource to buyers arriving one at a time in an online manner.
Each buyer has a private valuation vn for one unit of the resource. The seller can produce k units
of the resource in total; however, the marginal cost of producing each unit increases as more units
are produced. When the n-th buyer arrives, the seller posts a price pn to the buyer, provided that
fewer than k units have already been produced and allocated. If the buyer’s valuation vn exceeds
pn, the buyer accepts the price and takes one unit of the resource. The objective is to maximize
social welfare, defined as the sum of the utilities of all the buyers and the revenue of the seller.

A key challenge in these problems is balancing pricing strategies. Setting prices too low early on
may allocate many resources to low-value buyers, increasing production costs and lowering social
welfare. Conversely, overly high prices can result in missed opportunities to sell. Thus, pricing for k
units must carefully account for early-stage decisions to avoid rapid growth in marginal production
costs while maximizing efficiency.

Despite previous efforts [HK19, TYBLG23, SJTB24], two questions remain unresolved: First,
how to derive a tight lower bound for kSelection-cost in small inventory settings (i.e., when k is
finite and small)? Second, it remains an open question how to develop randomized algorithms to
solve kSelection-cost with tight guarantees, especially for settings when k is small. In Chapter 2,
we address these questions by deriving a new tight lower bound for the kSelection-cost problem,
achieving the best-known results in both small and asymptotically large inventory settings.

1.1.2 kRental-fixed & kRental-variable: Online k-Rental with Fixed and Vari-
able Rental Durations

In Chapters 3 and 4, we study two variants of adversarial online allocation problems with reusable
resources. In both problems, a seller (or decision maker) maintains an inventory of k identical units
of a resource. A sequence of buyers arrives at arbitrary times throughout the horizon, and each
buyer requests to rent one unit of the resource for a specified duration. If a unit is allocated to a
buyer, it becomes available for reallocation only after that buyer’s rental period ends. Additionally,
each buyer has a unique valuation for renting a unit of the resource. Our objective is to maximize
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the total valuation of all accepted buyer requests.

• In Chapter 3, we examine the kRental-fixed problem, wherein every buyer’s rental duration is
fixed and identical across all buyers, but there is uncertainty concerning each buyer’s valuation
for renting a unit of the resource over that fixed duration.

• In Chapter 4, we focus on kRental-variable, where buyers’ rental durations vary and are
buyer-dependent. Their valuations are assumed to be linear in their rental durations.

In these two problems, the uncertainty over buyers’ valuations and the inherent trade-off between
accepting early arrivals with lower valuations versus waiting for potentially higher-valued buyers
makes the decision process challenging. Furthermore, unlike in non-reusable online resource allo-
cation settings such as the kSelection-cost problem studied in Chapter 2, the reusability of the
resource adds extra complexity. An algorithm must schedule the allocation of resource units effi-
ciently to maximize their usage time, yet it must do so without precise knowledge of how future
requests may overlap, further complicating the scheduling process.

Recently, [DFNS22] studied online bipartite matching with reusability in a setting where the
rental duration of each buyer is fixed in all types of resources. Their first algorithm achieves a com-
petitive ratio of 0.589, without any discussion of optimality or lower bounds for online algorithms.
They also designed a second algorithm that uses a correlation-based rounding scheme, which obtains
a 0.505-competitive ratio—close to the 0.5 ratio of the greedy algorithm in that setting. The main
limitation of deriving such an algorithm that performs very close to greedy is that the rounding
scheme is not sufficiently effective at rounding the fractional solution. In Chapter 3, we introduce
an novel problem which examines a special case of the problem studied in [DFNS22], in which the
decision maker holds only one resource type, yet uncertainty persists regarding each buyer’s valu-
ation. We investigate whether a tight competitive ratio can be achieved under these assumptions.
Furthermore, we aim to determine whether more powerful correlation schemes can be devised to
overcome the limitations observed in [DFNS22] to round fractional solutions in this setting.

Furthermore, [HC23, GG20] studied adversarial online allocation with reusable resources in
which the rental durations vary and are buyer-dependent. Their algorithms attain order-optimal
results in large-inventory settings, where each resource type’s inventory asymptotically converges
to infinity. Whether one can design algorithms with strong performance guarantees for the small-
inventory setting remains an open problem. In addition, [GG20] proposed a static threshold algo-
rithm that achieves near-optimal performance guarantees for the kRental-variable problem. How-
ever, a static threshold approach may not be well-suited for online resource allocation with reusable
resources, as the algorithm must address more complex underlying dynamics and perform schedul-
ing to maximize the utilization time of different resources. In Chapter 4, we investigate whether a
dynamic pricing scheme—one that continuously adjusts resource prices to adapt to evolving market
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conditions—can yield stronger performance guarantees in this setting. Furthermore, we design an
online rounding scheme that, when combined with the dynamic pricing approach, efficiently rounds
fractional solutions to achieve robust performance guarantees.

1.1.3 Matching-BW: Online Edge-Weighted Matching with Bounded Weights

In Chapter 5, we study adversarial online edge-weighted matching with bounded weights through
posted pricing mechanisms: the seller discloses a unit price for each resource type before each buyer’s
arrival. Acting as price takers, buyers decide to purchase one resource if the utility (i.e., the buyer’s
valuation of the resource minus the posted price) is non-negative. Our goal is to again maximize
the social welfare (i.e., the sum of the seller’s revenue and the buyers’ utility) in the posted pricing
mechanism, which also aligns with maximizing the valuations of all selected buyers. Compared to
the previous chapters, where we study different variants of online selection problems, in this setting
the seller manages multiple resource types. Furthermore, the seller can allocate (match) at most one
unit of a resource type to each buyer. Thus, a new layer of uncertainty arises in this problem with
respect to the demand for different resource types, and the algorithm must balance the inventory
available from the various resource types to address this uncertainty.

There has been a stream of literature that studies how to design posted prices to attain (near)
optimal guarantees for adversarial online selection problems (e.g., [ZLW17, TSLG+20, MSL20]).
Nearly all of these works rely on dynamic pricing strategies, which publish different prices for
different buyers to make the best use of pricing power. However, dynamic pricing raises additional
concerns in practice since it introduces price discrimination, i.e., the same resource is sold at different
prices for different buyers who arrive at different times. This incentivizes buyers to make strategic
purchase decisions. For example, in the airline ticket and hotel room booking problems, where
dynamic pricing has been widely applied, each buyer may query the same flight ticket or hotel room
multiple times, seeking a lower posted price. Price discrimination may be advantageous for the seller
to maximize revenue in the short term. However, it is inherently unfair to buyers and diminishes
the buyer experience, potentially leading to adverse effects in the long run.

Algorithms with static pricing are not price-discriminatory because they maintain fixed prices
for each resource type throughout the entire buyer arrival horizon. However, to handle market
uncertainty, they employ randomization when setting prices. In Chapter 5, we study static pricing
for the Matching-BW problem. Our key questions are: How can we design the best possible static
pricing strategy, and can static pricing achieve performance comparable to dynamic pricing in
adversarial settings?
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1.1.4 Matching-RR: Online Edge-Weighted Matching with Reusable Resources

In Chapter 6, we extend the kRental-variable problem (originally introduced in Chapter 4) to an
online edge-weighted matching setting. Instead of having a single resource type, the decision maker
now has multiple resource types, each with a supply of identical units. Upon arrival, a buyer reports
a vector indicating the rental durations for each resource type of interest, along with a per-unit-time
valuation for each type. The buyer’s valuation for obtaining a unit of a resource type is given by the
product of the requested duration and the corresponding per-unit-time valuation for that resource
type. The decision maker can allocate (i.e., match) at most one unit of one resource type to each
buyer, and the objective is to maximize the total value obtained. Compared to kRental-variable

in Chapter 4, the decision maker faces additional uncertainty with respect to both the buyers’
per-unit-time valuations and the need to balance allocations among different resource types.

[SYH+23] studied a related problem within the framework of the online knapsack problem with
departures, proposing a threshold-based algorithm that attains an order-optimal result. Their
analysis, however, relies on large-inventory assumptions and restricts buyers to arriving in discrete
time steps. Similar works, such as [HC23, FNS19], also consider large-inventory settings and discrete
arrival models. In contrast, our focus is on designing algorithms whose performance guarantees are
independent of the inventory size, thereby maintaining robustness across both small- and large-
inventory regimes. Moreover, in the setting considered in Chapter 6, buyers may arrive at any point
of time over a continuous horizon. We also investigate the development of effective relax-and-round
algorithms, which provide strong performance guarantees through online rounding schemes. Finally,
we explore how to integrate the ideas introduced in Chapters 4 and 6, given that Matching-RR

must manage uncertainties stemming from buyer-specific rental requests (including per-unit-time
valuations) as well as multiple resource types.

1.2 Related Literature

Online resource allocation has been extensively studied in recent years under various arrival models
and assumptions. For example, the problem has been formulated as the secretary problem under the
random-order model [Gar70, GS21, HS24] and as the prophet inequality problem under a stochastic
input model [SC84, Luc17, CFH+19]. Moreover, beyond the classical i.i.d. stochastic setting of
the prophet inequality, recent work has explored models with correlated arrivals based on Markov
chains [JLL+23]. In contrast to these assumptions based on statistical models, our focus lies on the
adversarial setting, where arrivals’ valuations can be arbitrary within a bounded support. We will
now delve into reviewing the related work concerning adversarial online allocation problems.
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Online knapsack problem with bounded values. The adversarial online knapsack problem
has been extensively studied in the large-supply regime, where the number of identical resource units
approaches infinity. [ZCL08] examined this setting with infinitesimal item weights and bounded
value density, proposing a threshold-based algorithm that achieves the optimal competitive ratio
among all online algorithms. Subsequent works have shown that this threshold-based approach can
be interpreted as a deterministic dynamic pricing algorithm [ZLW17], and have extended it to more
complex settings, including multiple and multi-dimensional knapsack problems [SYH+22]. These
studies primarily focus on dynamic pricing under the assumption of infinitesimally small item sizes.

In the small-inventory regime, [JLTZ21a] presented an optimal randomized static pricing algo-
rithm for the single-unit (unit-supply) case. Further extending this line of work, [SJTB24] gener-
alized the static pricing approach to accommodate larger inventory sizes. In Chapters 2, 3, and 4,
we investigate different variants of online selection problems that incorporate diseconomies of scale,
reusability with fixed duration, and, in the most general setting, buyer-dependent durations.

Online selection with diseconomy-of-scale (kSelection-cost). kSelection-cost is another
extension of the online selection problem that accounts for a non-linear (convex) supply cost. The
incorporation of increasing marginal production costs into online resource allocation is first intro-
duced by [BGMS11]. Subsequently, [HK19] studied a similar problem, termed online combinatorial
auction with convex cost, focusing specifically on combinatorial auctions in the large-supply regime.
Variants of kSelection-cost have since been explored, including online convex packing and cov-
ering [ABC+16] and [TSLG+20].

To address the challenges in kSelection-cost, [HK19] developed optimal deterministic dynamic
pricing mechanisms for fractional online combinatorial auctions with production costs and infinite
capacity (k =∞). They extended this to the integral case using fractional pricing functions, achiev-
ing a competitive ratio close to the fractional setting but with a nonzero additive loss. However,
as the competitive ratio approaches the fractional lower bound, the additive loss grows unbounded,
which is undesirable. To overcome this, Tan et al. [TYBLG23] studied online selection with convex
costs and limited supply (k < ∞ where k is number of units of the resource), establishing a lower
bound for the integral setting without additive loss. They further showed that the competitive ratio
of their deterministic posted price mechanism asymptotically converges to the lower bound as k
grows large. Recently, Sun et al. [SJTB24] proposed a randomized static pricing algorithm, which
samples a static price from a pre-determined distribution for kSelection-cost. This randomiza-
tion improves performance over the deterministic approach in small inventory settings but is not
asymptotically optimal and fails to converge to the lower bound from [TYBLG23] as k →∞.

Recent years have seen efforts to study online allocation problems with various forms of pro-
duction costs in stochastic settings (e.g., [BMY15], [GMM18], [BUCM12], [Sek17]). For instance,
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[BMY15] examined online allocation with economies of scale (decreasing marginal costs), proposing
a constant-competitive strategy for unit-demand customers with valuations sampled i.i.d. from an
unknown distribution. In contrast, [Sek17] addressed bayesian online allocation with convex produc-
tion costs, developing posted price mechanisms with O(1)-approximation for fractionally subadditive
buyers and logarithmic approximations for subadditive buyers. Our study differs by focusing on
kSelection-cost in adversarial settings, assuming no knowledge of the arrival sequence beyond
the finite support of valuations, making these results not directly comparable to ours.

Online interval scheduling. The adversarial online interval scheduling problem, introduced by
[LT94], considers scheduling a sequence of intervals (jobs) on a single server as they arrive in order
of start times. Under the assumption that the minimum and maximum job durations are unknown,
they show that no online algorithm can be better than O(ln∆)-competitive, where ∆ is the ratio
of the longest to the shortest job duration. Their randomized procedure, based on a converging
sequence of coin-flip probabilities, achieves anO

(︁
(ln∆)1+ε

)︁
competitive ratio for any ε > 0. Faigle et

al. [FGK96] generalized these findings by further exploring the multi-server scenario. In Chapters 3
and 4, we study similar online scheduling problems with multiple servers: in the former, intervals
have a fixed duration, while in the latter, the intervals’ durations vary and are job-dependent. Unlike
in [LT94] and [FGK96], our setting assumes that the knowledge of the upper/lower bounds for the
interval sizes are known to the algorithm.

[GL16] studied a problem called reserve driver scheduling, which is similar to online scheduling
and closely related to our kRental-variable problem. In their setting, each resource (i.e., driver) is
only available during specific time intervals. They propose a randomized algorithm that is O(ln(∆))-
competitive, although the constant factor in their competitive ratio is significantly larger than
that achieved in our results. Similarly, [GG20] investigated a related problem, referred to as the
online reservation problem, and proposed a static pricing algorithm with a performance guarantee
of 3 ·

(︁
1 + ln(∆)

)︁
. In Chapter 4, where we study a related problem, we design a dynamic pricing

algorithm that not only obtains a tighter performance guarantee but also employs simpler techniques
compared to those in [GG20].

Online bipartite matching (OBM). The OBM problem was introduced by the seminal work of
[KVV90]. OBM extends the online selection problem to multiple resource types, each with multiple
identical copies. Over the years, different variants of OBM have been explored. One such instance is
the online edge-weighted matching problem, which initially arose in the context of the Ad assignment
problem [FKMP09]. Achieving bounded competitive ratios for the Ad assignment problem typically
relies on the free disposal assumption, which may not hold in general.

[ZCL08] and [SYH+22] studied online edge-weighted matching under a bounded valuation as-
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sumption (which we also adopt in this thesis) in the large-supply regime, recasting it as an online
multiple knapsack problem. They develop dynamic pricing algorithms with order-optimal competi-
tive ratios. Subsequently, [MSL20] refined these pricing function designs, achieving state-of-the-art
results that attain the exact optimal competitive ratio in the large-supply setting and an asymp-
totically optimal ratio in the finite-supply regime.

Online matching and assortment with reusable resources. [DFNS22] studied an online
bipartite matching problem where resources are reusable. This setting generalizes the online match-
ing problem introduced by [KVV90] by allowing each matched offline node to become available
again after d time units. They develop a variant of the ranking algorithm, referred to as periodic
re-ranking, which applies the well-known ranking strategy from [KVV90] every d time steps.

[SYH+23] investigated the online knapsack problem with departures, which extends the standard
online knapsack problem to a reusable setting. Their formulation represents another variant of
online matching with reusability, where each online node has a node-dependent rental duration for
different offline nodes, and the algorithm collects a per-unit-time reward by matching an online node
to an offline node. They proposed a dynamic threshold algorithm that achieves an order-optimal
competitive ratio under the assumption that the knapsack capacity is large relative to the items’
sizes. Similarly, [GI02] study a scheduling problem for continuous resources.

The Matching-RR problem studied in Chapter 6 is a more general version of the problem ex-
amined in [SYH+23]. In our formulation, we do not impose any assumptions on the arrival times
of buyers; in contrast, [SYH+23] restricts online arrivals to occur only at discrete time steps. Fur-
thermore, our model does not assume that item sizes are infinitesimally small—a condition that, in
effect, presumes an inventory size asymptotically converging to infinity. This generalization enables
us to capture a wider range of practical scenarios in online resource allocation.

[HC23] studied an online assortment problem in which each buyer belongs to a discrete set of
types, and upon a buyer’s arrival, the buyer’s type is revealed to the decision maker. Each buyer’s
rental duration depends on its type and can vary across the units of the resource. This problem is
also a special case of the problem in Chapter 6. When the number of buyer types M approaches
infinity and the inventory size for each resource also approaches infinity, and their algorithm achieves
a 4 ln

(︁
dmax
dmin

)︁
-competitive ratio, where dmax (dmin) is the maximum (minimum) duration that a buyer

can request to rent a unit of a resource type.

Furthermore, a broader list of works in the revenue management literature and stochastic op-
timization has studied online resource allocation with reusable resources under stochastic assump-
tions. For instance, [FNS19] examined an online assortment problem with reusable resources, where
the value obtained by allocating different resources is fixed and the rental durations of buyers are
either deterministically resource-dependent or drawn from a known distribution that depends on
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the resource (but not on the buyer). They show that a load-balancing algorithm, similar to the
one proposed by [GNR14] for online assortment with non-reusable resources, achieves (1 − 1/e)-
competitiveness when the minimum inventory approaches infinity for the deterministic-duration
case, and

(︁
1− 1/e

)︁2 for the i.i.d. distribution scenario.

Moreover, [GGI+22] studied the same problem and demonstrated that a myopic policy attains
a competitive ratio of 1/2 using a coupling technique. [GIU0] investigate both online matching and
assortment planning with customer-independent usage durations, proposing a policy featuring a
fluid update of capacity. Employing a novel LP-free certificate approach, they show that this policy
is asymptotically optimal, achieving a competitive ratio of e

e−1 .

Online rounding: Creating correlation to round fractional solutions. Recent work in
computer science and operations research has highlighted the effectiveness of online rounding frame-
works [FHTZ22, Ma24]. Such frameworks typically follow a relax-and-round approach: first, they
employ an online primal-dual method to generate fractional solutions; then, they apply an online
rounding scheme to convert these fractional solutions into integral decisions. While methods for
generating competitive fractional solutions, such as the online primal-dual approach, are generally
well-understood, the online rounding phase remains nontrivial. A crucial aspect of these rounding
schemes is establishing correlation with previously made allocation decisions.

Recent years have witnessed significant progress in developing innovative online rounding schemes.
For instance, [FHTZ22] propose a subroutine termed Online Correlated Selection (OCS), which in-
troduces negative correlation across selected pairs, leading to improved competitive ratios compared
to classical greedy algorithms, which achieve only a 1

2 -competitive ratio. Subsequently, [DFNS22]
extend this concept to settings involving reusable resources and fixed rental durations by developing
the Online Correlated Rental (OCR) method. Additionally, [HZZ24] adapt similar correlation-based
techniques to the Adwords problem.

Within the context of stochastic optimization, several studies (e.g., [FSZ21, Ala14]) have devel-
oped analogous rounding methods, including online contention resolution schemes, demonstrating
their effectiveness in applications such as prophet inequalities and online stochastic matching.

Some other related techniques: OPD, R-OPD, and LP-free Certificate. In this thesis, we
employ multiple approaches to establish the performance guarantees of our algorithms. One method
we use in Chapter 3 is the online primal-dual (OPD) approach, based on the work of [BN09], which
designs an OPD framework for a general class of online packing problems.

In Chapter 5, we also make use of the randomized online primal-dual (R-OPD) method developed
by [DJK13] to provide a more generalized proof of the optimality of the RANKING algorithm by
[KVV90] for the online bipartite matching (OBM) problem. In R-OPD, the dual constraints hold
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only in expectation. [EFFS21] present an economics-based interpretation of R-OPD, extending
the RANKING analysis for online bipartite matching to (i) resources with multiple copies and (ii)
valuations that depend on both resources and buyers.

Additionally, in Chapters 4 and 6, we adopt the LP-free certificate approach proposed by [GIU0],
which formulates a system of linear constraints whose feasibility certifies a lower bound on the
competitive ratio. Departing from the conventional OPD framework, this LP-free analysis works
with a linear system directly tied to the actions of the clairvoyant algorithm against which we
compare. This LP-free framework has influenced later works such as [AS23], which also employ the
LP-free technique to establish performance guarantees in their respective domains.

1.3 Contributions

In this thesis, we develop new algorithms for the problems discussed in Section 1.1 and analyze their
theoretical performance guarantees through competitive analysis. We also establish lower bounds
on the competitive ratios of online algorithms by designing hard instances for each problem and
analyzing the behavior of any online algorithm on these instances. By comparing these lower bounds
with our algorithmic performance, we demonstrate the effectiveness of our designs. In the following,
we discuss the contributions made in each chapter independently.

Chapter 2 The primary contribution of this chapter is the development of novel posted price
mechanisms employing randomized dynamic pricing schemes that extend the results in [BGMS11,
HK19, TYBLG23, SJTB24]. The proposed scheme, r-Dynamic-cost (Algorithm 1), sequentially
updates the price of each resource as new units are produced and sold. Specifically, as the marginal
production cost increases with each additional unit, r-Dynamic-cost employs different pricing
function to independently randomize the price for each unit. We also derive a new lower bound on
the performance of every online algorithm.

The key technical component in deriving the aforementioned lower and upper bounds is a new
representative function-based approach, which models the dynamics of any randomized online al-
gorithm using a sequence of k probability functions, {ψi}i∈[k]. We design a family of hard instances
and characterize the performance of any α-competitive algorithm on these instances via a set of
differential equations involving {ψi}i∈[k]. To determine the tightest lower bound, we compute the
minimum α for which these equations admit a feasible solution, namely valid probability functions
{ψi}i∈[k]. By reverse engineering these equations, we derive inverse probability functions, {ϕi}i∈[k],
for pricing each unit, which in turn leads to design of r-Dynamic-cost (Algorithm 1) in this
chapter. Unlike the classic method based on Yao’s Minmax principle, the representative function-
based approach is not only more general and applicable to more online resource allocation, but also
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provides guidance for designing the pricing functions.

Chapter 3 In this chapter, motivated by works on online resource allocation with reusable re-
sources (e.g., [DFNS22, LT94, GG20]), we introduce the problem kRental-fixed, which, unlike the
aforementioned works, focuses on a single resource type with buyers making fixed rental duration
requests for each unit of the resource. This simpler problem provides deeper insight into resource
allocation in reusable settings.

We then introduce a novel online algorithm, rDynamic-fixed (Algorithm 2), which employs
a dynamic pricing function to generate a fractional solution that is subsequently rounded using
a novel online rounding procedure called (k, d)-oca. The (k, d)-oca procedure not only rounds
these fractional allocations but also schedules the rental requests from different buyers, thereby
maximizing the rental duration of the available resource units. Furthermore, we derive a lower
bound for the performance guarantee of any online algorithm using the representative function
approach similar to that in Chapter 3, and we prove that the competitive ratio of rDynamic-

fixed meets this lower bound, thereby establishing its optimality.

From a technical perspective, the 1-(k, d)-oca approach (Algorithm 3) is a novel online rounding
scheme that, at each time step, establishes correlations with previous decisions to efficiently round
the fractional solution obtained in the preceding step. This new correlation scheme is lossless in
the sense that, as long as the cumulative fractional allocations from previous time steps—whose
corresponding rental intervals extend into the current time step—remain below k (the inventory
size), the procedure can round any fractional solution so that a unit of the resource is allocated
with a probability equal to the fractional value. We believe that the (k, d)-oca rounding scheme is
applicable to other settings and will be of independent interest.

Chapter 4 In this chapter, we design a novel algorithm that achieves tighter performance guaran-
tees than the algorithms proposed in [GG20, GL16] for similar problems following different design.
We introduce a new algorithm called rDynamic-variable (Algorithm 4) that employs a dynamic
pricing approach to generate a fractional solution, which is subsequently rounded using a new online
correlation scheme developed in this work. Using the "representative function" approach [SJTB24],
we derive a lower bound for the competitive ratio of online algorithms and argue that rDynamic-

variable is order-optimal with respect to the fluctuation ratio corresponding to the uncertainty
measure in the kRental-variable problem discussed in this chapter.

From a technical standpoint, we derive a system of differential inequalities that the pricing
function of rDynamic-variable must satisfy for a desired level of competitiveness, using the
LP-free certificate approach of [GIU0]. This system, parameterized by the achievable competitive
ratio, guides us in designing the pricing function with the lowest possible competitive ratio. By
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approximating these inequalities via numerical methods, we formulate a finite-variable linear pro-
gram whose solution yields a pricing function design matching the LP’s objective value. Finally,
numerical LP solvers are employed to obtain pricing functions that ensure strong performance for
rDynamic-variable.

Chapter 5 Previous research has thoroughly investigated posted price mechanisms for adversar-
ial online matching (e.g., [ZLW17, MSL20]), employing dynamic pricing that adjusts prices on a
per-buyer basis, effectively engaging in price discrimination. In this chapter, we present randomized
static pricing algorithms for the online edge-weighted matching (Matching-BW) problem and demon-
strate that they achieve the optimal competitive ratios among static pricing strategies. Moreover,
we derive a lower bound for the competitive ratio that is tighter than that of [MSL20], showing that
not only does our static pricing algorithm reach this bound, but the previously developed dynamic
pricing methods are also optimal among all online algorithms. These findings confirm that it is
feasible to design non-price-discriminatory algorithms without any loss of efficiency.

Technically, we propose new approaches to analyze both the upper bound of Algorithm 5 and the
lower bound of this problem. Our competitive analysis of the static pricing algorithms is grounded
in an economics-inspired approach within the posted pricing mechanism framework. This approach
generalizes the economics-based analysis of RANKING for online bipartite matching [EFFS21] by
additionally taking into account that (i) each resource is available in multiple copies and (ii) valu-
ations depend on both the resource and the buyer. Furthermore, our lower bound proofs are based
on the representative function–based approach used in the previous chapter, which enables us to
derive the optimal online algorithm over a newly designed set of hard instances.

Chapter 6 In this chapter, we introduce a new problem, Matching-RR, motivated by previous
works [SYH+23, LT94]. In this setting, buyers may arrive at any point during the horizon, and the
rental durations for each unit of the resource are buyer-dependent, with buyers possessing distinct
per-unit-time valuations for renting each resource type. To address the uncertainties inherent in
Matching-RR, we develop a new randomized algorithm that leverages two sources of randomization.
First, a static pricing scheme is employed to manage uncertainty in buyers’ per-unit-time valuations
across different resources. Second, a randomized dynamic pricing function handles uncertainty
regarding buyers’ rental durations. We derive a new lower bound for the problem and demonstrate
that our algorithm is order-optimal with respect to the two primary fluctuation ratios corresponding
to these uncertainties.

From a technical perspective, we adopt a randomized version of the LP-free certificate approach
from [GIU0]—in which the constraints hold only in expectation—to establish the performance guar-
antee of Algorithm 6 presented in this chapter. Additionally, we employ a representative-function
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Figure 1.1: Structure of the thesis and connections between problems studied by different chapters.

based approach to derive a lower bound on the performance guarantee achievable by any online
algorithm for the Matching-RR problem.

1.4 Structure of the Thesis

This thesis is structured into two main parts, each focusing on variants of adversarial online alloca-
tion problems.

In Part I, we study different variants of the adversarial online selection problem, where the seller
has a single resource type. This part consists of three chapters. Chapter 2 examines online selection
with diseconomies of scale (kSelection-cost), where the seller faces scenarios with increasing
marginal production costs. Chapters 3 and 4 study the online k-rental problem, differentiating
between fixed (i.e., kRental-fixed) and variable rental durations (i.e., kRental-variable), where
the decision maker must address the reusability of the resource.

Part II shifts the focus to online matching problems, where the seller manages multiple re-
source types and faces matching constraints. Chapter 5 discusses the online edge-weighted matching
(Matching-BW) problem, while Chapter 6 investigates online edge-weighted matching with reusable
resources (Matching-RR).

The thesis concludes in Chapter 7 with a discussion of the results, key contributions, and po-
tential directions for future research.
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ONLINE SELECTION
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Chapter 2

Online Selection with Diseconomies of
Scale

In this chapter, we investigate the online selection problem with diseconomies of scale (kSelection-cost),
where a seller must allocate a limited number of resources immediately and irrevocably to sequen-
tially arriving buyers with distinct valuations, under conditions of increasing marginal production
costs. We first derive a novel, tight lower bound on the competitive ratio achievable by any online
algorithm for this problem. Leveraging insights from this lower bound, we propose a randomized
dynamic pricing algorithm, r-Dynamic-cost, which adjusts resource prices dynamically based on
marginal production costs and remaining inventory. We show that this approach is optimal for small
inventory sizes and consistently outperforms existing algorithms in larger-scale scenarios, achieving
an optimal competitive ratio in asymptotically large inventory settings.

2.1 Problem Statement and Assumptions

We formally define online k-selection with diseconomies of scale (kSelection-cost) as follows.
Consider an online market operating under posted price mechanisms. On the supply side, a seller
can produce a total of k units of a resource, with increasing (or at least non-decreasing) marginal
production costs. Let c := {ci}∀i∈[k] represent the marginal production cost, where ci denotes
the cost of producing the i-th unit, and c1 ≤ c2 ≤ · · · ≤ ck. Define f(i) =

∑︁i
j=1 cj as the

cumulative production cost of the first i units. On the demand side, N buyers arrive sequentially,
each demanding one unit of the resource. Let vn denote the private valuation of the n-th buyer.
Once buyer n arrives, a price pn is posted, and then the buyer decides to accept the price and make
a purchase if a non-negative utility is gained vn − pn ≥ 0, and reject it otherwise.

Let xn ∈ {0, 1} represent the decision of buyer n, where xn = 1 indicates a purchase and xn = 0
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otherwise. Then buyer n obtains a utility (vn − pn)xn and the seller collects a total revenue of∑︁
n∈[N ] pnxn − f(

∑︁
n∈[N ] xn) from all buyers. The goal of the online market is to determine the

posted prices {pn}∀n∈[N ] to maximize the social welfare, which is the sum of utilities of all the
buyers and the revenue of the producer, i.e.,

∑︁
n∈[N ] xn ·(vn−pn)+

∑︁
n∈[N ] xn ·pn−f(

∑︁
n∈[N ] xn) =∑︁

n∈[N ] vnxn − f(
∑︁

n∈[N ] xn).

Let I = {v1, · · · , vN} denote an arrival instance of buyers. An optimal offline clairvoyant
algorithm can obtain the optimal social welfare OPT(I) by solving the following optimization problem

OPT(I) = max
xn∈{0,1}

∑︂
n∈[N ]

vnxn − f
(︃∑︂

n∈[N ]
xn

)︃
, s.t.

∑︂
n∈[N ]

xn ≤ k.

However, in the online market, the posted price pn is determined without knowing the valuations
of future buyers {vτ}τ>n. We aim to design an online mechanism to determine the posted prices
such that the social welfare achieved by the online mechanism, denoted by ALG(I), is competitive
compared to OPT(I), where the competitive ratio of an online algorithm is defined according to
Eq. (1.1).

To attain a bounded competitive ratio, we consider a constrained adversary model [JLTZ21b,
TYBLG23], where the buyers’ valuations are assumed to be bounded.

Assumption 2.1. Buyers’ valuations are bounded in [vmin, vmax], i.e., vn ∈ [vmin, vmax], ∀n ∈ [N ].

The interval [vmin, vmax] can be considered as the prediction interval that covers the valuations
of all buyers [JLTZ21b], and is known to the online algorithm. As shown in [TYBLG23], the
competitive analysis of online algorithms for kSelection-cost depends on the relationship between
buyers’ valuations and the production cost function. For simplicity, we focus on the case where the
production cost is always smaller than the buyer’s valuation (ck < vmin) and derive lower and
upper bounds in Sections 2.2 and 2.3, respectively. In Appendices A.9 and A.10, we show that this
assumption is without loss of generality, as our results extend naturally to the general case.

2.2 Lower Bound for kSelection-cost: Hardness of Allocation with
Diseconomies of Scale

We first derive a tight lower bound for kSelection-cost, which motivates the design of r-Dynamic-

cost (Algorithm 1) in Section 2.3.
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2.2.1 Lower Bound α∗
S(k)

Theorem 2.1 below formally states the lower bound α∗
S(k) for the competitive ratio of any online

algorithm for kSelection-cost.

Theorem 2.1 (Lower Bound). Given S = {vmin, vmax, f} for the kSelection-cost problem with
k ≥ 1, no online algorithm, including those with randomization, can achieve a competitive ratio
smaller than α∗

S(k), where α∗
S(k) is the solution to the following equation of α:

vmax =
(︁
vmin − c

¯
k

)︁
· eα

k
·(k+1−

¯
k−ξ) + c

¯
k · e

α
k
·(k−

¯
k)

+ c
¯
k+1 ·

(︂
1− eα

k

)︂
· eα

k
·(k−1−

¯
k) + · · ·+ ck ·

(︂
1− eα

k

)︂
. (2.1)

In Eq. (2.1),
¯
k ∈ [k] denotes the smallest natural number such that

∑︂
¯
k

i=1
(vmin − ci) ≥

1

α
·
(︂
kvmin −

∑︂k

i=1
ci

)︂
, (2.2)

and ξ ∈ (0, 1] denotes the unique solution to the following equation

ξ =
1
α · (kvmin −

∑︁k
i=1 ci)−

∑︁
¯
k−1
i=1 (vmin − ci)

vmin − c
¯
k

. (2.3)

Theorem 2.1 is our main result concerning the hardness of kSelection-cost. To prove The-
orem 2.1, a key step is to establish a set of necessary conditions that any α-competitive online
algorithm must satisfy. A formal proof will be provided in Section 2.2.3. Below, we offer several
remarks to clarify the key intuitions.

• By the definition of
¯
k in Eq. (2.2),

¯
k represents the minimum number of units that any α-

competitive deterministic algorithm, denoted by ALGd, must sell when faced with an arrival
instance of k identical buyers with valuation vmin, denoted by I(vmin)

iden = {vmin, · · · , vmin}.
Under the instance I(vmin)

iden , the maximum social welfare achievable by the offline optimal algo-
rithm is kvmin−

∑︁k
i=1 ci. Therefore, ALGd must sell at least

¯
k units to ensure α-competitiveness,

implying that
¯
k is well-defined for all values of α ≥ 1.

• Eq. (2.3) demonstrates that ξ is defined as the fraction of the
¯
k-th unit required to make Eq.

(2.2) binding. We argue that ξ ∈ (0, 1] is well-defined and always exists as long as there is an
α-competitive randomized algorithm, denoted as ALGr. Specifically, if a randomized algorithm
ALGr is run on the same instance I(vmin)

iden , ALGr must sell at least
¯
k − 1 units plus a fraction ξ

of the
¯
k-th unit of the resource, in expectation.

• Note that, in general, a closed-form expression for the lower bound α∗
S(k) cannot be derived.

This is expected due to the arbitrary nature of the sequence of marginal production costs.
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However, because of the monotonicity of
¯
k, ξ, and the right-hand side of Eq. (2.1) with respect

to α, α∗
S(k) can be easily computed by solving Eq. (2.1) numerically using binary search.

In the next subsection, we construct a family of hard instances and introduce a novel repre-
sentative function-based approach to derive a system of differential equations, which are crucial to
proving the lower bound result in Theorem 2.1.

2.2.2 Representing Worst-Case Performance by (Probabilistic) Allocation Func-
tions

We introduce a family of hard instances based on the instance I(ϵ) defined as follows.

Definition 2.1 (Instance I(ϵ)). For any given value of ϵ > 0, the instance I(ϵ) begins with k identical
buyers, each having a valuation of vmin during the initial stage. This is followed by a series of stages,
each consisting of k identical buyers, with valuations incrementally increasing by ϵ, starting from
vmin + ϵ and reaching the upper bound vmin +

⌊︁
vmax−vmin

ϵ

⌋︁
· ϵ. The instance I(ϵ) is mathematically

defined as:
{︄
vmin, . . . , vmin⏞ ⏟⏟ ⏞

k buyers

, vmin + ϵ, . . . , vmin + ϵ⏞ ⏟⏟ ⏞
k buyers

, . . . , vmin + j · ϵ, . . . , vmin + j · ϵ⏞ ⏟⏟ ⏞
k buyers in stage vmin+j·ϵ

,

. . . , vmin +

⌊︃
vmax − vmin

ϵ

⌋︃
· ϵ, . . . , vmin +

⌊︃
vmax − vmin

ϵ

⌋︃
· ϵ

⏞ ⏟⏟ ⏞
k buyers

}︄
,

where j ranges from 1 to ⌊(vmax − vmin)/ϵ⌋. Furthmore, let us define the set V (ϵ) = {vmin, vmin +

ϵ, . . . , vmin + ⌊(vmax − vmin)/ϵ⌋ · ϵ} to contain all the possible valuations that buyers in the instance
I(ϵ) may possess.

We refer to the k buyers with valuation v ∈ V (ϵ) as stage-v arrivals in I(ϵ). For any v ∈ V (ϵ), let
I(ϵ)v denote all the buyers in I(ϵ) from the beginning up to stage-v. For instance, if v = vmin + 2ϵ,
then I(ϵ)v includes the first 3k buyers in I(ϵ) with valuations vmin, vmin + ϵ, and vmin + 2ϵ. Due to
the online nature of the problem, we emphasize that I(ϵ) may terminate at any stage v. In other
words, there exists a family of hard instances, {I(ϵ)v }∀v∈V (ϵ) , induced by I(ϵ). Here, I(ϵ)v denotes
the arrival instance of I(ϵ) that terminates at stage-v. Henceforth, we will use “instance I(ϵ)v " and
“instance I(ϵ) by the end of stage-v" interchangeably.

Given any α-competitive algorithm ALG, an arbitrary instance from {I(ϵ)v }∀v∈V (ϵ) may be the
one that ALG processes. Thus, for any v ∈ V (ϵ), by the end of stage-v of I(ϵ), ALG must achieve
at least a 1/α fraction of the optimal social welfare, kv −∑︁k

i=1 ci, which is attained by rejecting
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all previous buyers except for the last k buyers with valuation v. Consequently, an α-competitive
algorithm must ensure

ALG
(︂
I(ϵ)v

)︂
≥ 1

α
·
(︃
kv −

∑︂k

i=1
ci

)︃
, ∀v ∈ V (ϵ), (2.4)

where ALG(I(ϵ)v ) denotes the expected performance of ALG under the instance I(ϵ)v .

Representing ALG(I(ϵ)v ) by Allocation Functions. For any randomized algorithm, we define
k + 1 states, {qi}∀i∈{0,··· ,k}, which represent the allocation behavior of the online algorithm at any
stage of instance I(ϵ), as follows:

• State q0 corresponds to the situation where the online algorithm has not allocated any units.

• For all i ∈ [k], state qi represents that the online algorithm has allocated at least i units of
the resource.

For all v ∈ V (ϵ) and i ∈ {0, · · · , k}, we define Ψi(v) : V
(ϵ) → {0, 1} such that Ψi(v) = 1 if the

algorithm is in state qi after processing all the buyers in I(ϵ)v , and Ψi(v) = 0 otherwise. Specifically,
Ψi(v) = 1 if the online algorithm allocates at least i units of the resource at the end of stage v in I(ϵ),
which occurs with some probability depending on the algorithm’s randomness. Since the instance
I(ϵ) is deterministically defined, Ψi(v) is a binary random variable whose distribution depends solely
on the algorithm’s randomness. This leads to the definition of ψ = {ψi}∀i∈[k] below.

Definition 2.2 (Allocation Functions). For any randomized online algorithm, let ψ = {ψi}∀i∈[k]
and ψi : V

(ϵ) → [0, 1] represent the functions where ψi(v) = E[Ψi(v)], with the expectation taken
over the randomness of the algorithm.

Based on the definition above, we have ψi(v) = Pr(Ψi(v) = 1), where Ψi(v) = 1 indicates that
the algorithm is in state qi (i.e., at least i units of the resource have been allocated) after processing
all buyers in I(ϵ)v (i.e., by the end of stage v of instance I(ϵ)). In this context, ψi(v) represents
the probability that the online algorithm has allocated at least i units of the resource by the end
of stage v in instance I(ϵ). Therefore, the term probabilistic allocation functions is used or simply
allocation functions for brevity. We show that ψi(v) is monotonic in i ∈ [k].

Lemma 2.1 (Monotonicity). For any randomized online algorithm, ψi(v) ≥ ψi+1(v) holds for all
i ∈ [k] and v ∈ [vmin, vmax].

The proof of the above lemma is given in Appendix A.1. Lemma 2.1 implies that it suffices to
focus on randomized algorithms whose allocation functions are from the following set

Ω =
{︂
ψ
⃓⃓
ψi(v) ∈ [0, 1], ψi(v) ≥ ψi+1(v), ψi(v) ≤ ψi(v

′),∀i ∈ [k], v, v′ ∈ V (ϵ), and v < v′
}︂
.
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Next, we analyze how the allocation level of an α-competitive algorithm should evolve as new
buyers with higher valuations arrive in I(ϵ). We argue that the expected performance of any
online algorithm under the instance I(ϵ) can be fully represented by the k allocation functions
{ψi(v)}∀i∈[k]. Let ALG(I(ϵ)v ) denote the expected objective value of the algorithm under instance
I(ϵ)v . Then ALG(I(ϵ)v ) can be framed using ψ = {ψi(v)}∀i∈[k] as follows.

Proposition 2.1 (Representation based on ψ). For any randomized algorithm ALG under the family
of hard instances {I(ϵ)v }∀v∈V (ϵ) , its expected performance can be represented by its allocation functions
{ψi(v)}∀i∈[k] ∈ Ω as follows:

ALG
(︂
I(ϵ)vmin

)︂
=

k∑︂

i=1

ψi(vmin) · (vmin − ci),

ALG
(︂
I(ϵ)vmin+j·ϵ

)︂
= ALG

(︂
I(ϵ)vmin

)︂
+

k∑︂

i=1

j∑︂

m=1

[︂
(vmin +m · ϵ− ci) ·

(︂
ψi(vmin +m · ϵ)

− ψi(vmin + (m− 1) · ϵ)
)︂]︂
, ∀j = 1, 2, . . . ,

⌊︁vmax − vmin

ϵ

⌋︁
.

The above proposition relates the expected performance of an online algorithm to the set of
allocation functions {ψi(v)}∀i∈[k] that capture its dynamics under hard instances {I(ϵ)v }∀v∈V (ϵ) . The
detailed proof can be found in Appendix A.2.

Combining Proposition 2.1 and Eq. (2.4) gives the lemma below.

Lemma 2.2 (Necessary Conditions). If there exists an α-competitive algorithm for OSDoS, then
there exists k allocation functions {ψi}i∈[k] ∈ Ω, where each function ψi : [vmin, vmax] → [0, 1] is
continuous within its range and also satisfies the following equation:

k∑︂

i=1

ψi(vmin) · (vmin − ci) +
k∑︂

i=1

∫︂ v

η=vmin

(η − ci)dψi(η) ≥
1

α
·
(︄
kv −

k∑︂

i=1

ci

)︄
, ∀v ∈ [vmin, vmax].

(2.5)

The above result is derived based on the family of instances {I(ϵ)v }∀v∈V (ϵ) when ϵ approaches to
zero. The proof is given in Appendix A.3. The lemma above provides a set of necessary conditions for
the allocation functions {ψi}∀i∈[k] induced by any α-competitive algorithm. Therefore, determining
a tight lower bound for kSelection-cost is equivalent to finding the lowest α such that there exists
a set of allocation functions in Ω that satisfy Eq. (2.5).
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2.2.3 Proof of Theorem 2.1

We now move on to prove Theorem 2.1. Based on the necessary conditions in Lemma 2.2, the lower
bound can be defined as

α∗
S(k) = inf

{︃
α ≥ 1

⃓⃓
there exist a set of k

allocation functions {ψi(v)}∀i∈[k] ∈ Ω that satisfy Eq. (2.5)
}︃
.

Next, we show that it is possible to find a tight design of {ψi}∀i∈[k] that satisfies the necessary
conditions in Eq. (2.5) by equality, ultimately leading to Eq. (2.1) in Theorem 2.1.

For any α ≥ α∗
S(k), let Γ(α) denote the superset of the set of functions {ψi}∀i∈[k] ∈ Ω that satisfy

Eq. (2.5). Note that Γ(α) ⊂ Ω holds for all α ≥ α∗
S(k). Define χ(α)(v) : [vmin, vmax]→ [0, k] as

χ(α)(v) = inf

{︃∑︂k

i=1
ψi(v)

⃓⃓
{ψi(v)}∀i∈[k] ∈ Γ(α)

}︃
. (2.6)

Based on the definition of χ(α), we construct a set of allocation functions {ψ(α)
i (v)}∀i∈[k] as follows:

ψ
(α)
i (v) =

(︂
χ(α)(v)− (i− 1)

)︂
· 1{i−1≤χ(α)(v)≤i} + 1{χ(α)(v)>i}, ∀v ∈ [vmin, vmax], ∀i ∈ [k], (2.7)

where 1{A} is the standard indicator function, equal to 1 if A is true and 0 otherwise. In the
following lemma, we argue that the set of functions {ψ(α)

i (v)}∀i∈[k] is a feasible solution to Eq. (2.5)
and satisfies it as an equality.

Lemma 2.3. For any α ≥ α∗
S(k), the functions {ψ(α)

i }∀i∈[k] satisfy Eq. (2.5) as an equality.

The detailed proof for the above lemma is in Appendix A.4. Following the definition of {ψ(α)
i (v)}∀i∈[k],

we observe that these functions exhibit the following property:

Lemma 2.4. For any i ∈ [k] and v ∈ [vmin, vmax], if ψ(α)
i (v) ∈ (0, 1) holds, then ψ(α)

j (v) = 1 for all

j = 1, · · · , i− 1 and ψ(α)
j (v) = 0 for all j = i+ 1, · · · , k.

Lemma 2.4 asserts that if the online algorithm inducing {ψ(α)}∀i begins allocating unit i with
some positive probability to buyers in stage-v of I(ϵ), then the algorithm must have already allocated
all units j < i with probability one to buyers arriving at or before stage-v of I(ϵ). Furthermore,
if the algorithm has not allocated unit i with probability one by the end of stage-v, then all units
j > i remain in the system with probability one at the end of stage-v. Given that the marginal
cost for each additional unit of resource increases, the algorithm should only produce and allocate
a new unit once all previously produced units have been fully allocated.

22



According to Lemma 2.3, the inequality in Eq. (2.5) can be replaced with an equality. By
combining Lemma 2.3 with Lemma 2.4, we conclude that there exists a unique set of functions that
satisfy Eq. (2.5) as an equality and also fulfill the property stated in Lemma 2.4. Proposition 2.2
below formally states this result.

Proposition 2.2. For any α ≥ α∗
S(k), there exist a set of allocation functions {ψ(α)

i }∀i∈[k] ∈ Ω that
satisfy Eq. (2.5) by equality:

ψ
(α)
i (v) = 1, i = 1, . . . ,

¯
k − 1,

ψ
(α)

¯
k (v) =

⎧
⎨
⎩
ξ + k

α · ln
(︂

v−c
¯
k

vmin−c
¯
k

)︂
v ∈ [vmin, u

¯
k],

1 v > u
¯
k,

ψ
(α)
i (v) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

0 v ≤ ℓi,
k
α · ln

(︂
v−ci
ℓi−ci

)︂
v ∈ [ℓi, ui],

1 v ≥ ui,

i =
¯
k + 1, . . . , k − 1,

ψ
(α)
k (v) =

⎧
⎨
⎩
0 v ≤ ℓk,
k
α · ln

(︂
v−ck
ℓk−ck

)︂
v ∈ [ℓk, vmax],

where the intervals {[ℓi, ui]}∀i are specified by

u
¯
k = ℓ

¯
k+1 = (vmin − c

¯
k) · e(1−ξ)·α

k + c
¯
k, (2.8)

ui = ℓi+1 = (ℓi − ci) · eα/k + ci, ∀i =
¯
k + 1, . . . , k. (2.9)

Recall that the parameters
¯
k and ξ are defined in Eq. (2.2) and Eq. (2.3), respectively. Once

α is given, both
¯
k and ξ can be uniquely determined. Therefore, the set of allocation functions

{ψ(α)
i }∀i∈[k] given in Proposition 2.2 can also be explicitly computed once α is given. The full proof

of how to derive the explicit designs of {ψ(α)
i }∀i∈[k] is given in Appendix A.5.

Putting together Eq. (2.8) and Eq. (2.9), we have

uk = (vmin − c
¯
k) · e

α
k
·(k+1−

¯
k−ξ) + c

¯
k · e

α
k
·(k−

¯
k) + c

¯
k+1 · (1− e

α
k ) · eα

k
·(k−1−

¯
k) + · · ·+ ck · (1− e

α
k ).

Note that the right-hand side of the equation above is increasing in α. Therefore, as α decreases, the
value of uk also decreases and will eventually fall below vmax for a specific value of α. Consequently,
according to the definition of ψ(α)

k in Proposition 2.2, ψ(α)
k (vmax) will exceed 1 (since ψ(α)

k (vmax) >

ψ
(α)
k (uk), and based on Eq. (2.9), ψ(α)

k (uk) is equal to one). However, this will generate an infeasible
allocation function ψ

(α)
k , as we require that ψ(α)

k (v) ≤ 1 holds for all v ∈ [vmin, vmax]. As a result,
for those values of α where uk < vmax, the set of k allocation functions {ψ(α)

i }∀i∈[k] obtained in
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Proposition 2.2 becomes infeasible, meaning that α must be less than α∗
S(k). Therefore, α∗

S(k) is
the value of α for which uk = vmax, and this gives Eq. (2.1) in Theorem 2.1. Thus, we complete the
proof of Theorem 2.1.

2.3 r-Dynamic-cost: A Randomized Dynamic Posted Pricing Mech-
anism

We propose a randomized dynamic pricing mechanism (r-Dynamic-cost), as described in Al-
gorithm 1, to solve the kSelection-cost problem. Before the buyers arrive, r-Dynamic-cost

samples k independent random prices {Pi}∀i∈[k], where Pi is the price for the i-th unit of the re-
source. Specifically, for each unit i ∈ [k], a random seed si is drawn from the uniform distribution
Unif(0, 1), and the random price is set as Pi = ϕi(si), where ϕi(si) is the pricing function designed
for the i-th unit. r-Dynamic-cost then posts the price of the available unit with the smallest
index from {Pi}∀i∈[k] to the online arriving buyers.

For all i ∈ [k], the pricing function ϕi : [0, 1] → [Li, Ui] is constructed such that the k price
intervals {[Li, Ui]}∀i∈[k] span the entire range of [vmin, vmax], where vmin = L1 ≤ U1 = L2 ≤ U2 ≤
· · · ≤ Uk−1 = Lk ≤ Uk = vmax. That is, the upper boundary of ϕi (i.e., the maximum price
of Pi) is the lower boundary of ϕi+1 (i.e., the minimum price of Pi+1). As a result, the posted
prices will always be non-decreasing (i.e., P1 ≤ P2 ≤ · · · ≤ Pk), regardless of the realization of the
random seeds {si}∀i∈[k]. This design ensures that units with higher production costs are sold at
higher prices, which is consistent with the natural pricing scheme where more expensive units reflect
higher production costs.

2.3.1 Theoretical Guarantee of r-Dynamic-cost

We show that by carefully designing the pricing functions, r-Dynamic-cost achieves an asymp-
totically optimal competitive ratio.

Theorem 2.2. Given S = {vmin, vmax, f} for the kSelection-cost problem with k ≥ 1, r-

Dynamic-cost is α∗
S(k) · exp(

α∗
S(k)
k )-competitive when the pricing functions are given by

ϕi(s) = vmin, ∀s ∈ [0, 1], i ∈ [
¯
k∗ − 1],

ϕ
¯
k∗(s) =

⎧
⎨
⎩
vmin s ∈ [0, ξ∗],

(vmin − c
¯
k∗) · e(s−ξ∗)·α∗

S(k)/k + c
¯
k∗ s ∈ [ξ∗, 1],

ϕi(s) = (Li − ci) · es·α
∗
S(k)/k + ci, ∀s ∈ [0, 1], i =

¯
k∗ + 1, . . . , k,

24



Algorithm 1: Randomized Dynamic Posted Pricing Mechanism (r-Dynamic-cost) for
kSelection-cost
1 Input: Pricing functions {ϕi}i∈[k].
2 Initialize:
3 Let κ1 = 1. ▷ Index of the unit to be sold
4 Sample a random seed vector s = {si}i∈[k], with each si ∼ U(0, 1) independently.
5 Set price vector P = {Pi}i∈[k], where Pi = ϕi

(︁
si
)︁
.

6 for each arriving buyer n do
7 if κn ≤ k then
8 Post the price pn = Pκn to buyer n.
9 if buyer n accepts the price then

10 A unit is sold; set xn = 1.
11 end
12 end
13 Update: κn+1 = κn + xn. ▷ If buyer n rejects pn, then xn = 0.
14 end

where
¯
k∗ and ξ∗ are respectively the values of

¯
k and ξ defined in Theorem 2.1, corresponding to

α = α∗
S(k), and the price intervals {[Li, Ui]}∀i∈[k] are given as follows:

U
¯
k∗ = L

¯
k∗+1 = (vmin − c

¯
k∗) · e(1−ξ∗)·α∗

S(k)/k + c
¯
k∗ , (2.10)

Ui = Li+1 = (Li − ci) · eα
∗
S(k)/k + ci, ∀i =

¯
k∗ + 1, . . . , k. (2.11)

We provide a proof of Theorem 2.2 in Appendix A.6. At a high level, the design of the pricing
functions {ϕi(s)}∀i∈[k] is inspired by the dynamics of an α∗

S(k)-competitive algorithm on the arrival
instance I(ϵ) studied in the lower bound section. Essentially, the inverse of the pricing function
ϕi(s), defined as ϕ−1

i (v) = sup{s : ϕi(s) ≤ v}, follows the same design as ψ(α)
i (v) in Proposition 2.2

when α = α∗
S(k), namely, ψ(α∗

S(k))
i (v) = sup{s : ϕi(s) ≤ v}.

Due to the arbitrary nature of the cost function f , neither our work nor [TYBLG23] can derive
a closed-form expression for the competitive ratio, thereby preventing a direct comparison between
our r-Dynamic-cost algorithm and the deterministic dynamic pricing mechanism (d-Dynamic-

cost) in [TYBLG23]. In Figure 2.1, we compare the asymptotic performance of r-Dynamic-cost

with d-Dynamic-cost from [TYBLG23] and the randomized static pricing mechanism (r-Static-

cost) in [SJTB24]. The results demonstrate that r-Dynamic-cost significantly outperforms both
d-Dynamic-cost and r-Static-cost, converging more rapidly to the lower bound as k →∞.

Asymptotic optimality of r-Dynamic-cost in general settings. Previous studies (e.g.,
[HK19, TYBLG23]) have shown that α∗

S(k) remains bounded by a constant as k → ∞. Thus,
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Figure 2.1: The blue curve (i.e., r-Dynamic-cost) represents the competitive ratio of Algorithm
1, which employs randomized dynamic pricing. The red curve (i.e., d-Dynamic-cost) and the
yellow curve (i.e., r-Static-cost) correspond to the competitive ratios of the deterministic dy-
namic pricing mechanism developed in [TYBLG23] and the static randomized pricing mechanism
in [SJTB24], respectively. In this figure, we set vmin = 1, vmax = 10, and f(i) = i2

59 .

the competitive ratio of r-Dynamic-cost approaches α∗
S(k) as k goes to infinity, meaning that

r-Dynamic-cost is asymptotically optimal.

Exact optimality of r-Dynamic-cost when k = 2. For the small inventory case of k = 2, a
tighter analysis shows that r-Dynamic-cost is α∗

S(2)-competitive using the same design of pricing
functions in Theorem 2.2, where α∗

S(2) is the lower bound obtained in Theorem 2.1 for k = 2. This
indicates that r-Dynamic-cost is not just asymptotically optimal, but also optimal in the small
inventory setting when k = 2. The corollary below formalizes this result.
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Corollary 2.1. Given S = {vmin, vmax, f} for the kSelection-cost problem with k = 2, r-

Dynamic-cost is α∗
S(2)-competitive when ϕ1 : [0, 1] → [L1, U1] and ϕ2 : [0, 1] → [L2, U2] are

designed as follows:

• If α∗
S(2) ≥ 2vmin−c1−c2

vmin−c1
, then:

ϕ1(s) =

⎧
⎨
⎩
vmin s ∈ [0, ξ∗],

(vmin − c1) · e(s−ξ∗)·α∗
S(2)/2 + c1 s ∈ [ξ∗, 1],

ϕ2(s) = (L2 − c2) · es·α
∗
S(2)/2 + c2 ∀s ∈ [0, 1].

In this case, the price intervals and ξ∗ are given by

L1 = vmin, U1 = L2 = (vmin − c1) · e(1−ξ∗)·α∗
S(2)/2 + c1, U2 = vmax,

ξ∗ =
1

α∗
S(2)

· (2vmin − c1 − c2)
vmin − c1

.

• If α∗
S(2) <

2vmin−c1−c2
vmin−c1

, then:

ϕ1(s) = vmin, ∀s ∈ [0, 1],

ϕ2(s) =

⎧
⎨
⎩
vmin s ∈ [0, ξ∗],

(vmin − c2) · e(s−ξ∗)·α∗
S(2)/2 + c2 s ∈ [ξ∗, 1].

In this case, the price intervals and ξ∗ are given by

L1 = U1 = L2 = vmin, U2 = vmax,

ξ∗ =
(2vmin − c1 − c2)/α∗

S(2)− (vmin − c1)
vmin − c2

.

The proof of the corollary above is given in Appendix A.7. In the following two subsections, we
first evaluate the empirical performance of r-Dynamic-cost and then provide a proof sketch of
Theorem 2.2 to show the asymptotic optimality of r-Dynamic-cost.

2.3.2 Empirical Performance of r-Dynamic-cost

We perform three experiments to evaluate the empirical performance of r-Dynamic-cost and
compare its performance to two other algorithms, d-Dynamic-cost [TYBLG23] and r-Static-

cost [SJTB24]. Throughout the three experiments, the setup S is fixed to be {vmin = 1, vmax =

30, f(i) = i2/16} and k = 10. To stimulate different arrival patterns of buyers, we consider the
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Figure 2.2: CDF plots of empirical competitive ratios of r-Dynamic-cost (Algorithm 1), d-
Dynamic-cost [TYBLG23] and r-Static-cost [SJTB24].

following three types of instances:

• Instance-IID: We generate the valuations of 1000 buyers using the truncated normal distri-
bution N(15, 15)[1,30].

• Instance-Sorted: We generate 1000 buyers using the same approach as Instance-IID, and sort
these buyers in increasing order by their valuations. This instance mimics the hard instance
I(ϵ).

• Instance-Low2High: We generate the valuations of 500 buyers using truncated normal dis-
tribution N(7.5, 7.5)[1,30]. Following these 500 buyers, we generate another 500 buyers using
distribution N(22.5, 7.5)[1,30].

Figure 2.2 presents the CDF plot of the empirical competitive ratios for the three algorithms r-

Dynamic-cost, d-Dynamic-cost, and r-Static-cost, evaluated on 300 instances from each type
of instance. In Figure 2.2(a), r-Dynamic-cost significantly outperforms the other two algorithms
under Instance-Sorted. This is because the valuations of online arrivals are increasing, similar
to the hard instance I(ϵ) defined in Section 2.2.2. This result confirms the superior performance
of r-Dynamic-cost under difficult instances compared to the other algorithms. Additionally,
Figure 2.2(a) demonstrates that r-Dynamic-cost’s performance is very close to the lower bound
α∗
S(10), suggesting that r-Dynamic-cost may not only be asymptotically optimal in the large k

regime but also near-optimal in the small k regime. In Figure 2.2(b), Instance-Low2High consists
of two phases: low-valued buyers arriving first, followed by high-valued buyers. This instance
is simpler than Instance-Sorted, and the performance of all three algorithms improves, with r-

Dynamic-cost continuing to outperform the others. Finally, in Figure 2.2(c), under Instance-IID,
all algorithms achieve a competitive ratio close to 1, with r-Dynamic-cost and d-Dynamic-cost

performing similarly. These results indicate that r-Dynamic-cost’s advantage is most evident on
more challenging instances, particularly when low-valued buyers arrive before high-valued ones.
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2.4 Chapter Summary

In this chapter, we address the Online Selection with Diseconomies of Scale (kSelection-cost), a
setting where the marginal production costs increase as more units are produced and allocated. A
key contribution is the derivation of a new, tight lower bound on the competitive ratio achievable by
any online algorithm, explicitly characterizing the complexity introduced by diseconomies of scale.
Building on this theoretical insight, we propose a randomized dynamic pricing algorithm, termed r-

Dynamic-cost, that sequentially updates resource prices based on marginal production costs and
remaining inventory. We analytically demonstrate that r-Dynamic-cost achieves optimal per-
formance for small inventories and significantly outperforms existing algorithms in large-inventory
scenarios. Empirical evaluations further support its robust performance, showing clear advantages
over prior deterministic and static randomized methods. Whether Algorithm 1, introduced in Chap-
ter 2, is optimal for all k ≥ 3 remains an open question. While we conjecture that our randomized
pricing mechanism achieves optimality for all k ≥ 1, confirming its optimality for k ≥ 3 demands a
more refined and detailed analysis.
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Chapter 3

Online k-Rental with Fixed Rental
Duration

In this chapter, we study the online k-rental problem with fixed rental durations (kRental-fixed),
where unlike the kSelection-cost problem studied in last chapter resource units are reusable. To
address this problem, we propose a novel algorithm, rDynamic-fixed, which employs a random-
ized dynamic pricing strategy to generate fractional allocations that are subsequently rounded to
integral allocations using our novel lossless online correlation rounding procedure (1-(k, d)-oca). We
establish theoretical performance guarantees for rDynamic-fixed and derive a tight lower bound
on the achievable competitive ratio, proving that rDynamic-fixed attains optimal competitiveness
among all online algorithms for kRental-fixed problem.

3.1 Problem Formulation and Assumptions

In this section, we formally define the online k-rental with fixed rental duration (kRental-fixed)
problem as follows. A decision maker has k units of a resource to allocate to online arriving buyers.
The n-th online buyer, n ∈ [N ], arriving at time an, makes a request to rent one unit of the resource
for a fixed rental duration d. If a unit of the resource is allocated to this buyer, the unit is rented
for d time steps, and becomes available at time an + d to be reused. The buyer has a valuation
vn for this request which is reported upon arrival, and the algorithm obtains value vn if it accepts
buyer n’s request by allocating a unit of the resource to this buyer.

Let xn ∈ {0, 1} denote the decision to whether accept or reject buyer n’s request by the algo-
rithm. Then, the objective is to maximize the sum of the valuations of buyers to whom a unit of

30



the resource is allocated,
∑︁

n∈[N ] xn ·vn. This objective is to be maximized subject to the constraint

∑︂

j∈[n]

xj · 1{d+aj>an} ≤ k, ∀n ∈ [N ].

The above constraint ensures that at any point in time throughout the horizon no more than k

units of the resource are allocated. It is sufficient to satisfy this constraint at the arrival of each
buyer n, when the available inventory may decrease.

Let I = {vn, an}n∈[N ] denote an instance of the problem. The performance of the optimal
clairvoyant algorithm, OPT(I), can be determined by solving the following optimization problem:

max
x

∑︂

n∈[N ]

vn · xn, (3.1)

s.t.
∑︂

j∈[n]

xj · 1{d+aj>an} ≤ k, ∀n ∈ [N ], (3.2)

xn ∈ {0, 1}, ∀n ∈ [N ]. (3.3)

At the arrival of each buyer, the algorithm must make an irrevocable decision to accept or reject
the buyer’s request. The uncertainty regarding future buyers’ valuations and the overall demand for
the resource makes this decision challenging. To achieve a bounded competitive ratio, we constrain
the adversary by making the following assumption:

Assumption 3.1. The buyers’ valuations are within the range [vmin, vmax],
i.e., we have vn ∈ [vmin, vmax], ∀n ∈ [N ].

Let I denote the set of all instances of the kRental-fixed problem that can be selected by an
adversary while satisfying the above assumptions. Our goal is to design online algorithms whose
objective value is competitive with that of OPT(I) for every instance I ∈ I. The α-competitiveness
of an online algorithm is defined according to Eq. (1.1). In the following section, we present the
algorithm rDynamic-fixed for the kRental-fixed problem obtaining tight competitive ratio.

3.2 rDynamic-fixed: A Randomized Dynamic Pricing Algorithm
for kRental-fixed

In this section, we introduce a randomized dynamic pricing algorithm (rDynamic-fixed) that uti-
lizes 1-(k, d)-oca correlation scheme to obtain tight performance guarantees for the kRental-fixed.
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Algorithm 2: Randomized Dynamic Pricing Algorithm with Lossless Online Correlation
Procedure (rDynamic-fixed)

1 Input: Pricing function ϕ : [0, 1]→ [vmin, vmax].
2 Initiate instance of 1-(k, d)-oca procedure
3 for each arriving buyer n do
4 Compute the expected utilization level of the inventory:

yn =
n−1∑︂

j=1

xj · 1{aj+d>an}, (3.4)

5 Observe buyer n’s valuation vn.
6 if yn < k then
7 Compute the fractional allocation:

xn = argmax
x∈
[︁
0,min{1, k−yn}

]︁

{︄
x · vn − k

∫︂ (yn+x)/k

η=yn/k
ϕ(η) dη

}︄
. (3.5)

8 Decide the integral allocation by 1-(k, d)-oca.

9 end
10 else
11 Reject buyer n request
12 end

13 end

rDynamic-fixed employs two key techniques to handle the uncertainty regarding buyers’ val-
uations in the online market. First, it uses a continuous pricing function which is a function of the
utilized fraction of the total inventory at the arrival time of the buyer. Using this pricing function,
the algorithm produces, for each arriving buyer n, a fractional solution xn ∈ [0, 1] that depends
on the buyer’s valuation and the current price of the resource. In the second step, the algorithm
employs an online correlation procedure called 1-(k, d)-oca, which takes xn as input and correlates
the current allocation decision with previous decisions to round the fractional solution xn, so that
a unit is allocated with probability exactly equal to xn.

To be more specific, at the arrival of buyer n, the algorithm first computes the value yn as defined
in Eq. (3.4), which represents the expected number of resource units currently under rental by
previous buyers whose rental intervals overlap with that of buyer n. Using this expected utilization
level, the algorithm then applies the pricing function ϕ as described in Eq. (3.5) to determine the
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fractional allocation xn. The term

k

∫︂ (yn+x)/k

yn/k
ϕ(η) dη

in Eq. (3.5) can be interpreted as the total price of allocating an x-fraction of one unit of the
resource, based on the current utilization level yn/k of the total inventory and the pricing function
ϕ. In this context, the fractional allocation xn represents the optimal fraction of a resource unit to
allocate to buyer n, given their valuation vn and the pricing rule defined by ϕ.

Then, in the second step, xn is passed to an online rounding procedure named 1-(k, d)-oca. This
procedure generates an integral decision whether to accept the buyer’s request and allocate a unit
of the resource or to reject that buyer. This decision is made by correlating the current allocation
decision with previous ones. As long as xn ≤ min{1, k − yn}, based on Theorem 3.1, 1-(k, d)-oca

procedure allocates a unit to buyer n with probability exactly xn and rounds the fractional solution
xn to a discrete decision.

Remark 3.1. The 1-(k, d)-oca procedure operates as an online algorithm, with an instance of this
algorithm initiated at the start of Algorithm 2. Over its horizon, as each buyer n arrives at time
an, the 1-(k, d)-oca procedure receives a probability value xn ∈ [0, 1] as input at time an. Based
on this input, it makes an integral decision—either rejecting buyer n or allocating one unit of the
resource—in a way that manages the resource inventory throughout the online process. A random
seed is used to make these decisions; this seed is fixed when Algorithm 2 initiates the 1-(k, d)-oca

instance and remains the same for all buyers.

Before delving into discussing theoretical performance guarantees for rDynamic-fixed, we first
describe the 1-(k, d)-oca procedure as we believe that the (k, d)-oca rounding scheme is applicable
to other settings and will be of independent interest.

3.3 Rounding Fractional Solutions to Integral Solutions: Online
Correlated (k, d)-Assignment

To better explain the online rounding subroutine in line 8 of Algorithm 2, we formally define the
Online Correlated (k, d)-Assignment scheme, dubbed (k, d)-oca, and explain what a lossless online
rounding procedure is. We then present the rounding procedure (k, d)-oca in detail.
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3.3.1 γ-(k, d)-oca: Definitions, Objectives, and Challenges

Definition 3.1 (γ-(k, d)-oca). Consider a set of k identical balls, each labeled uniquely from the set
{1, 2, . . . , k}, where each ball can be assigned to a player for a fixed duration of d time units (after
which it becomes available for reassignment). A sequence of N players arrives one at a time, with
each player n characterized by a tuple (xn, an), where xn ∈ [0, 1] represents the target probability with
which the procedure should assign a ball to player n, and an denotes the arrival time of player n. For
any γ ∈ [0, 1], a γ-(k, d)-oca is an online algorithm that, given the input sequence {(xn, an)}n∈[N ],
assigns a ball to each player n ∈ [N ] with probability at least γxn.

By the definition above, γ-(k, d)-oca is a randomized online algorithm that makes irrevocable
decisions upon the arrival of each player, either allocating a ball to that player or rejecting it. The
objective is to design γ-(k, d)-oca for which the parameter γ is maximized.

Definition 3.2 (Lossless Rounding: 1-(k, d)-oca). Given k ≥ 1 and d > 0 with a sequence of
players and input instance {(xn, an)}n∈[N ] satisfying Eq. (3.6) , a 1-(k, d)-oca assigns a ball to
player n ∈ [N ] with probability at least xn.

Based on the above, a 1-(k, d)-oca is considered lossless if, unlike other correlation procedures
that may be limited to allocating with probability only up to γxn for some γ < 1, it guarantees
allocation of a ball with the target probability xn to each player n (i.e., γ = 1). For a given input
instance of γ-(k, d)-oca, {(xn, an)}n∈[N ], a necessary condition for the existence of a 1-(k, d)-oca

correlation procedure is the following constraint on the instance:

xn ≤ min

⎛
⎝1, k −

∑︂

j∈[n−1]

xj · 1{aj+d>an}

⎞
⎠ , ∀n ∈ [N ]. (3.6)

A formal statement of the above necessary condition will be given in Theorem 3.1. Here, we
discuss some high-level intuitions. Note that

∑︁
j∈[n−1] xj ·1{aj+d>an} represents the sum of targeted

allocation probabilities of the players who arrived before player n and whose time interval (of length
d), during which a ball is under their allocation if assigned, overlaps with that of player n. Moreover,
the condition in Eq. (3.6) also ensures that xn ≤ 1 for all n ∈ [N ], so that no more than one ball is
targeted for allocation to any individual player. If this constraint is violated, then a valid 1-(k, d)-
oca procedure cannot exist for such an instance, as the total targeted allocation probabilities at
the arrival of player n would exceed the limited inventory of k balls available to the decision maker.

As seen above, one of the core challenges in designing a lossless γ-(k, d)-oca (i.e., γ = 1) is to
correlate the allocation decision for each newly arriving player with decisions previously made for
players who still hold allocated resources. Such correlations must be managed carefully because
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resources currently rented by players become available at different future times. In the subse-
quent section, we propose a lossless online rounding scheme (Algorithm 3), whose central idea is to
correlate each current allocation decision with past decisions involving players whose
allocated resources return to the system sooner than others.

3.3.2 A 1-(k, d)-oca for kRental-fixed

In this subsection, we propose an online rounding scheme in Algorithm 3 and show that it is a
1-(k, d)-oca if the sequence of targeted probabilities for each player satisfy the feasibility condition
in Eq. (3.6).

Algorithm 3: Online Correlated 1-(k, d)-Assignment for kRental-fixed
1 Input: a sequence of fractional assignments {an, xn}n∈[N ].
2 Output: Integral assignment for each player n ∈ [N ].
3 Initialize: Set m1 = 1, p1 = 0; sample a random seed r ∼ U(0, 1).
4 for each player n arriving at time an do
5 Observe the probability value xn.
6 if

∑︁
j∈[n] xj · 1{aj+d>an} > k then

7 Reject player n.
8 end
9 if pn + xn < 1 then

10 if r ∈ [pn, pn + xn) then
11 Assign ball mn to player n.
12 end
13 else
14 Reject player n.
15 end
16 Update: mn+1 = mn; pn+1 = pn + xn.
17 end
18 else
19 if r ∈ [pn, 1] then
20 Assign ball mn to player n.
21 end
22 else if r ∈ [0, xn + pn − 1) then
23 Assign ball mn + 1 to player n.
24 end
25 else
26 Reject player n.
27 end
28 Update: mn+1 = mn + 1 (if mn+1 > k, then set mn+1 = 1); pn+1 = xn + pn − 1.
29 end
30 end
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How Algorithm 3 Works: An Overview. The algorithm initially, before the arrival of any
player, sets the random seed r ∼ U(0, 1), which remains unchanged throughout the entire horizon
of this online algorithm and is the only source of randomness in 1-(k, d)-oca. Then, for all players,
this random seed is used to decide whether to allocate a ball or not. Thus, this random seed helps
create correlation among the decisions made for different players.

As each player n arrives, the algorithm maintains two pointers: mn ∈ {1, 2, . . . , k}, which
indicates the next ball scheduled for allocation, and pn ∈ [0, 1], which determines a subrange of
[0, 1] for allocation decisions. Specifically, upon the arrival of player n, the algorithm acts according
to the following two cases, depending on the values of pn and xn:

• Case 1: If pn + xn < 1, then the algorithm allocates ball mn to player n if r ∈ [pn, pn + xn)

and the ball is available in the system. Otherwise, the player is rejected and no ball is allocated.

• Case 2: If pn + xn ≥ 1, then the algorithm allocates ball mn if r ∈ [pn, 1] (and the ball is
available in the system), or allocates ball mn+1 if r ∈ [0, pn+xn−1). Since xn ≤ 1, these intervals
are non-overlapping, ensuring that no more than one ball is allocated.

Properties of Algorithm 3. We prove the following invariant regarding the availability of balls
mn and mn + 1:

Proposition 3.1. At the arrival of the n-th player in instance if the feasibility condition in Eq. (??),
the following holds:

• If pn + xn < 1, then if the random seed r ∈ [pn, pn + xn), ball mn is available in the system.

• If pn + xn ≥ 1, then:

– If r ∈ [pn, 1], ball mn is available in the system.

– If r ∈ [0, pn + xn − 1), ball mn+1 is available in the system (with the convention that if
mn + 1 > k, then mn+1 = 1).

The proof of the above proposition can be found in Appendix B.3. It can be seen that this pointer
mechanism synchronizes the scheduling of different balls for consecutive players. Furthermore, it
keeps track of portions of [0, 1] such that if r lies within those subranges, ball mn or mn+1 remains
available. Additionally, as explained for Algorithm 3, the total length of the subrange used for
decision-making for each player n is exactly xn. Since the random seed r is drawn from the uniform
distribution U(0, 1) and a ball is allocated if r lies within these subranges, each player is allocated
a ball with target probability xn.

Theorem 3.1. Given an instance {(xn, an)}n∈[N ], Algorithm 3 is a 1-(k, d)-oca if the feasibility
condition in Eq. (3.6) holds for each player n.
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We defer the full proof of the above theorem to Appendix B.4.
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Figure 3.1: Illustration of the online correlated assignment process in Algorithm 3. The number
above each circle represents the probability of the corresponding event occurring. In this example,
player 3 receives the first ball with probability 0.1 and the second ball with probability 0.5. Notably,
the assignment of the second ball to player 3 (with probability 0.5) is correlated with the decisions
made for players 1 and 2, as illustrated by the two blue dashed arrows on the left. For instance, if
the realization of the random seed is r = 0.45, then player 1 is rejected, player 2 receives the first
ball, player 3 receives the second ball, and player 4 is rejected.

An Illustrative Example. To illustrate how Algorithm 3 works and demonstrate how it out-
performs a rounding procedure that makes independent decisions at each time step, consider the
following instance with k = 2, d = 5, and N = 4. The target probability values and arrival time of
players are given by:

{︂
(a1 = 1, x1 = 0.4), (a2 = 2, x2 = 0.5), (a3 = 3, x3 = 0.6), (a4 = 6, x4 = 0.6)

}︂
.

It can be verified that for each player n ∈ {1, · · · , 4}, the inequality in Eq. (3.6) is satisfied for
the above instance. Initially, before any player arrives, a random seed r is drawn from the uniform
distribution U(0, 1). This random seed is used throughout the horizon to correlate the algorithm’s
decisions.

• When player 1 arrives at time t = 1 with x1 = 0.4, Algorithm 3 assigns the first ball to player
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1 if r ∈ [0, 0.4). Thus, player 1 will receive one ball with probability 0.4.

• When player 2 arrives at time t = 2 with x2 = 0.5, Algorithm 3 assigns the first ball provided
that r ∈ [0.4, 0.9). Thus, player 2 receives the first ball with probability 0.5. Note that if
r ∈ [0.4, 0.9), the first ball is guaranteed to be available because it was rented at t = 1 only
if r ∈ [0, 0.4). Thus, player 2 will receive one ball with probability 0.5.

• When player 3 arrives at time t = 3 with x3 = 0.6, Algorithm 3 assigns the first ball if it is
available and r ∈ [0.9, 1], which happens with probability 0.1. If the first ball is not allocated,
Algorithm 3 assigns the second ball if r ∈ [0, 0.5). Consequently, the total probability of
allocating one ball to player 3 is 0.6.

• Finally, when player 4 arrives at time t = 6 with x4 = 0.6, Algorithm 3 assigns the second ball
if r ∈ [0.5, 1], an event that occurs with probability 0.5; assigns the first ball if r ∈ [0, 0.1),
an event that occurs with probability 0.1. Note that for the case when r ∈ [0, 0.1), the first
ball will be returned by player 1 at t = 6. Thus, player 4 will receive one ball with
probability 0.6.

We can see from the above example that Algorithm 3 always maintains a 1-(k, d)-oca scheme in
that it assigns one ball to every player n ∈ [N ] with probability exactly xn.

3.4 Theoretical Guarantee of rDynamic-fixed

In this section, we present the theoretical upper bounds for rDynamic-fixed competitiveness over
all instances of the kRental-fixed problem.

As explained in detail in Section 3.2, rDynamic-fixed employs the 1-(k, d)-oca procedure
to round the fractional allocation xn at each time step and to make an integral decision. For this
procedure to work correctly, the instance of the (k, d)-oca problem that rDynamic-fixed provides
as input must satisfy the feasibility conditions in Eq. (3.6).

Lemma 3.1. Let {(an, xn)}n∈[N ] denote an input instance for 1-(k, d)-oca generated by rDynamic-

fixed. Then, the feasibility conditions in Eq. (3.6) holds for each player n in this instance.

The above lemma naturally follows from the design of rDynamic-fixed. Using an online
primal-dual framework, we prove the following performance guarantee regarding rDynamic-fixed.

Theorem 3.2. rDynamic-fixed is 1+ln
(︁
vmax
vmin

)︁
-competitive for the kRental-fixed problem when

the pricing function ϕ : [0, 1]→ [vmin, vmax] is given by

ϕ(y) = vmin · exp
(︂(︁

1 + ln(vmax
vmin

)
)︁
· y − 1

)︂
, y ∈ [0, 1].
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The proof of the above theorem can be found in Appendix B.1. The design of the pricing
function ϕ follows from attempting to satisfy the dual constraint in a primal-dual framework used
to prove the performance guarantee of rDynamic-fixed.

Next, we prove following proposition regarding the lower bound on the competitiveness of every
online algorithm for the kRental-fixed problem, showing that rDynamic-fixed obtains optimal
competitive ratio among all online algorithms.

Proposition 3.2. No online algorithm, deterministic or randomized, can obtain a competitive ratio
better than 1 + ln

(︁
vmax
vmin

)︁
for the kRental-fixed problem.

The proof of the above proposition is provided in Appendix B.2. To establish this lower bound,
we construct a family of hard instances analogous to those used for the kSelection-cost problem.
Specifically, k buyers with valuation vmin arrive first, followed by additional batches of buyers whose
valuations increase continuously up to vmax. Furthermore, these buyers arrive within a short time
interval relative to d, ensuring that any resource unit allocated to one buyer cannot be reallocated
to later arrivals in these instances. By applying the representative function approach to this family
of instances, we determine the optimal online algorithm for these set of hard instances, thereby
deriving a lower bound on the performance of all online algorithms.

3.5 Chapter Summary

This chapter examines the kRental-fixed problem, in which a seller manages an inventory of
k identical units of a resource available for rental to buyers arriving sequentially. Each buyer
requests a resource for a fixed duration and has a distinct valuation for the request. The seller must
immediately and irrevocably decide whether to accept each request without knowledge of future
valuations, and we study this problem under the assumption of bounded valuations. This novel
problem, introduced in this thesis, is motivated by the work in [DFNS22].

In this chapter, we present the novel randomized dynamic pricing algorithm, rDynamic-fixed,
which generates fractional allocations using a pricing function. These fractional allocations are then
transformed into integral decisions using a lossless online correlation assignment procedure (1-(k, d)-
oca). This rounding procedure efficiently converts the fractional solutions into integral decisions,
ensuring that rDynamic-fixed achieves the optimal competitive ratio. We provide a rigorous
analysis of the algorithm’s competitive ratio by establishing a matching lower bound and proving
that, since rDynamic-fixed attains this bound, it is optimal.
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Chapter 4

Online k-Rental with Variable Rental
Durations

This chapter focuses on the kRental-variable problem, where buyers arrive online and request
variable-length rentals of a limited, reusable resource, with valuations linear in rental duration.
This setting generalizes the kRental-fixed problem studied in Chapter 3, capturing real-world
scenarios such as cloud computing and equipment rental, where reusability and uncertain demand
introduce significant challenges. We present the rDynamic-variable algorithm, a randomized
dynamic pricing strategy that generates fractional allocations, which are then rounded online using
a new limited-correlation scheme. Leveraging the LP-free certificate method, we establish strong
competitive guarantees and prove the algorithm’s order-optimality by deriving a lower bound on
the performance of any online algorithm for the kRental-variable problem.

4.1 Problem Statement and Assumptions

We formally define online k-rental problem with variable rental durations (kRental-variable) as
follows. In this problem, a decision-maker has k identical units of a resource to allocate to a
sequence of N buyers who arrive online. The n-th buyer arrives at time an and requests one unit
of the resource for dn time steps. Thus, the requested rental duration dn is buyer dependent. If a
unit is allocated to buyer n, it remains occupied until time an+dn, after which it becomes available
for future requests. Each buyer’s valuation is dn, which is linear in the rental duration, and the
algorithm obtains a reward of dn by accepting buyer n’s rental request.

Let xn indicate whether buyer n rental request is accepted: xn = 1 if accepted, and xn = 0

otherwise. The objective is to maximize
∑︁N

n=1 xn dn, which is the sum of the valuations of the buyers
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whose requests are accepted. Additionally, the algorithm must satisfy the resource constraint

n∑︂

j=1

xj1{ aj+dj>an} ≤ k, ∀n ∈ [N ].

In other words, the total number of buyers who arrived before buyer n, including buyer n, and
still have a unit of the resource under their rental at time an, cannot exceed k. This constraint must
hold whenever a new buyer arrives and a decision is made regarding the inventory of the resource
and the state of the inventory changes, ensuring that no more than k resource units are allocated
at any point in time.

Let I = {an, dn}n∈[N ] denote an instance of the problem, then, the performance of the optimal
clairvoyant algorithm on instance I of kRental-variable problem, OPT(I), can be computed based
on following integer linear program:

max
x

∑︂

n∈[N ]

dn · xn, (4.1)

s.t.
∑︂

j∈[n]

xj · 1{dj+aj>an} ≤ k, ∀n ∈ [N ], (4.2)

xn ∈ {0, 1}, ∀n ∈ [N ]. (4.3)

Every online algorithm, upon the arrival of each buyer, must make an irrevocable decision. The
uncertainty regarding the rental duration of future buyers makes decision-making challenging in
this problem. To achieve a bounded competitive ratio, we impose constraints on the adversary,
ensuring that the requested rental durations of buyers in each instance of the problem selected by
the adversary are bounded within a finite support.

Assumption 4.1. The buyers’ requested rental durations are within the range [dmin, dmax].

Let I denote the set of all instances of the problem kRental-variable that can be selected by
an adversary while satisfying the above assumption. Our goal is to design online algorithms whose
objective value is competitive with that of OPT(I) for every instance I ∈ I. The α-competitiveness
of an online algorithm is defined according to Eq.(1.1). In the following section, we present the
algorithm rDynamic-variable for the kRental-variable problem obtaining order-optimal com-
petitive ratio.
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4.2 rDynamic-variable: A Randomized Algorithm with Limited
Correlation

The challenging aspect of designing an online algorithm occurs in instances where, initially, a number
of buyers arrive in a short period with rental durations close to dmin (the first wave of buyers). In
this situation, the algorithm must allocate only a portion of its inventory to these early buyers due
to the uncertainty regarding future demand for the resource. After some time, while the resources
allocated to the first wave of buyers are still under rental, a second wave of buyers arrives with
requests for longer rental durations close to dmax. Since the algorithm obtains higher value by
allocating its inventory to these later, higher-value buyers, it faces a challenging trade-off.

In the following, we present rDynamic-variable in Algorithm 4 for the kRental-variable

problem. The general scheme of rDynamic-variable is as follows. At the arrival of each buyer,
the algorithm uses the pricing function ϕ to determine the fractional allocation amount xn of unit
i∗n to be allcated to buyer n. Then, the algorithm correlates the decision to allocate unit i∗n to buyer
n with previous decisions made regarding the allocation of this unit to earlier buyers, ensuring that,
with probability exactly xn, unit i∗n is allocated to buyer n. In the following, we describe in detail
how the fractional allocation xn and the unit i∗n are determined, and how the algorithm ensures
that the unit i∗n is allocated with probability exactly equal to xn.

Step-I (Relax): Generating fractional allocation xn. rDynamic-variable treats each unit
of the resource uniquely. Upon the arrival of buyer n, the algorithm computes, for each unit i, the
value y(i)n according to Eq. (4.4), which is the probability that unit i is under the allocation of a
previous buyer and is not available at the arrival of buyer n. We refer to y(i)n as the probabilistic
utilization level of unit i. Then, the algorithm determines unit i∗n that has the lowest probabilistic
utilization among all units at the arrival of buyer n. The algorithm computes a fractional value of
xn ∈ [0, 1] according to Eq. (4.5). We can interpret the term

∫︂ y
(i∗n)
n +x

y
(i∗n)
n

ϕ(η) dη

as the price of an x-fraction of unit i∗n according to the pricing function ϕ, given the current
probabilistic utilization level y(i

∗
n)

n . Thus, the fractional allocation xn can be interpreted as the
maximum fraction of unit i∗n (with utilization y

(i∗n)
n ) that is worth allocating to buyer n’s request,

which has a value dn according to the pricing function ϕ. Thus, as described above, the pricing
function ϕ is an increasing function of the probabilistic utilization of each unit. The function ϕ

increases the price of a unit as a higher fraction of it is allocated, so that a larger portion of the
unit is preserved for requests with longer rental durations and, hence, larger valuations.
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Algorithm 4: Randomized Dynamic Pricing Algorithm with Limited Correlation for
kRental-variable problem (rDynamic-variable)
1 Input: Pricing function ϕ
2 Initialization: Set the deterministic availability value a(i)1 = 1 for each unit i ∈ [k]; set the

probabilistic utilization level y(i)1 = 0 for each unit i ∈ [k].
3 while a new buyer n arrives do
4 Observe the buyer’s duration request, dn.
5 if unit i ∈ [k] has just been returned then
6 Set a(i)n = 1.
7 end
8 if n > 1 then
9 For each unit i ∈ [k] of the resource, compute probabilistic utilization level

y(i)n =

n−1∑︂

j=1

xj · 1{ aj+dj>an } · 1{ i∗j=i }. (4.4)

10 end
11 Let i∗n = argmini∈[k]

{︁
y
(i)
n

}︁
and compute

xn = argmax
x∈[0,1]

{︁
dn · x−

∫︂ y
(i∗n)
n +x

y
(i∗n)
n

ϕ(η)dη
}︁
. (4.5)

12 if a(i
∗
n)

n = 1 then
13 Allocate unit i∗n to buyer n with probability xn

1−y
(i∗n)
n

.

14 if unit i∗n successfully allocated to buyer n then
15 Set a(i

∗
n)

n = 0.
16 end
17 end
18 Set a(i)n+1 = a

(i)
n for each unit i ∈ [k].

19 end
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Step-II (Round): Rounding fractional solutions {xn}n∈[N ] to integral solutions. In the
second phase, once the fractional allocation xn is determined, the algorithm correlates the current
allocation decision for unit i∗n with its past decisions. Specifically, when unit i∗n is available, the
algorithm employs a new random seed to allocate it to buyer n with probability xn

1−y
(i∗n)
n

, thereby
ensuring that the unit is allocated to buyer n with probability exactly xn. This correlation process
treats each resource unit independently, creating correlation only among the decisions associated
with that particular unit. add a note here that the correlation scheme in above is integrated within
the design of pricing function

Remark 4.1. It is important to note that the correlation scheme of the 1-(k, d)-oca procedure
in Algorithm 3 cannot be extended to settings with buyer-dependent rental durations; indeed, when
the duration of the requested rental intervals varies (i.e., is request-dependent), no lossless 1-(k, d)-
oca scheme exists. Consequently, we develop a correlation scheme for rDynamic-variable that
employs a more limited correlation procedure compared to 1-(k, d)-oca. In rDynamic-variable,
the decision for each buyer is correlated only with a limited subset of previous buyers—specifically,
those who received a fractional allocation of unit i∗n—whereas in Algorithm 2 the decisions for all
buyers are correlated and synchronized.

4.3 Theoretical Guarantees of rDynamic-variable

In the following proposition, the constraints that the design of the ϕ function needs to satisfy to
obtain α-competitiveness for the kRental-variable problem are discussed:

Proposition 4.1. rDynamic-variable is α-competitive for the kRental-variable problem, pro-
vided that the price function ϕ is increasing and is designed to satisfy the following inequalities
(parameterized by α) for all dn ∈

[︁
dmin, dmax

]︁
and n ∈ [N ]:

∫︂ 2y1

η=y1

2α

3
ϕ(η) dη +

α

3
dn

(︂
ϕ∗(dn) − 2 y1

)︂
≥ dn, ∀ y1 ∈

[︂
0, ϕ∗(dn)

2

]︂
, (4.6)

α

3
dn ϕ

∗(dn) −
α

3
y2

(︂
dn − ϕ(y2)

)︂
≥ dn, ∀ y2 ∈

[︂
0, ϕ∗(dn)

]︂
. (4.7)

where ϕ∗(dn) = supx∈[0,1]{ϕ(x) ≤ dn}.

By Proposition 4.1, the design of an algorithm with strong performance essentially reduces to
finding a pricing function ϕ that satisfies the constraints in Eqs. (4.6) and (4.7) while minimizing
α. The above constraints follow from the dynamics of the problem and the assumption that buyers
can arrive at any point in time throughout the horizon. The detailed proof of the above proposition
can be found in Appendix C.1.
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To design a pricing function that satisfies the constraints in Proposition 4.1 with the lowest
possible value of α, it is sufficient to enforce these constraints only at the critical points where
the left-hand side of the inequalities is minimized. Moreover, it can be shown that for the pricing
function to achieve the minimum value of α, the inequality must hold with equality. This leads us
to a system of differential equations that include delayed terms. In particular, the fact that the
pricing function obtaining tightest competitive ratio based on above constraints is derived from a
delayed differential equation indicates that past prices, which reserve a fractional of the resource for
low-duration buyers, are used to influence current price dynamics. This delay introduces memory
effects, making the pricing function sensitive to the duration of accepted requests that have been
allocated a fractional portion of the inventory. In effect, the pricing function not only determines the
current price but also manages the scheduling of buyers’ requests by balancing resource reservations.
This balance takes into account the current inventory that is allocated to buyers with short rental
durations, who are likely to return the resources soon.

In the following corollary, we present an analytical design of ϕ that satisfies the system of
constraints in Proposition 4.1.

Corollary 4.1. rDynamic-variable is 3 ·
(︂
1+ ln

(︁
dmax
dmin

)︁)︂
-competitive for the kRental-variable

problem if the pricing function ϕ is designed as:

ϕ(y) = dmin · exp
(︂[︂

1 + ln
(︂dmax

dmin

)︂]︂
· y − 1

)︂
, ∀y ∈ [0, 1].

The proof of the above corollary can be found in Appendix C.3. Corollary 4.1 follows from
Proposition 4.1 since the design of the ϕ function presented above satisfies the constraints in Eq. (4.6)
and Eq. (4.7). However, this design is not the optimal one, as it does not minimize α. Obtaining a
closed-form solution for ϕ that minimizes α while satisfying these constraints is challenging because
it involves solving a system of delayed differential inequalities with an inverse term. Therefore, we
resort to numerical methods to construct such a pricing function ϕ.

To achieve this, we discretize the interval [0, 1] using a parameter ϵ ∈ (0, 1), allowing the function
ϕ to change only at the points {ϵ · i}⌈1/ϵ⌉i=1 . By doing so, we transform the continuous constraints of
Proposition 4.1 into a finite system of constraints, leading to an optimization problem with a finite
number of variables and constraints. The optimal solution for the set of variables {π(ϵ)i }

⌈1/ϵ⌉
i=1 in the

following discretized LP provides the desired price function design ϕ; specifically, the values of ϕ at
the points {ϵ · i}⌈1/ϵ⌉i=1 are defined according to the solution {π(ϵ)i }

⌈1/ϵ⌉
i=1 .
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Figure 4.1: The competitive ratio of Algorithm 4 as dmax increases, for the pricing function ϕ
designed according to Proposition 4.2, with ϵ = 0.001.

Proposition 4.2. For any given ϵ ∈ (0, 1), rDynamic-variable is α∗-competitive for the kRental-variable
problem if the pricing function ϕ is designed as

ϕ(y) = π
(ϵ)

⌈ y
ϵ
⌉, ∀y ∈ [0, 1],

where the set of prices {π(ϵ)i }
⌈1/ϵ⌉
i=1 and the competitive ratio parameter α∗ are the optimal solution

to the following LP:

α∗ = min
α, {π(ϵ)

i }⌈1/ϵ⌉i=1

α (4.8a)

s.t. π
(ϵ)
i ≤ π

(ϵ)
i+1, ∀i ∈

{︂
1, 2, . . . , ⌈1ϵ ⌉ − 1

}︂
, (4.8b)

π
(ϵ)
1 = dmin, (4.8c)

π
(ϵ)

⌈ 1
ϵ
⌉ ≥ dmax, (4.8d)

2i∑︂

j=i

2α

3

(︂
π
(ϵ)
j − π

(ϵ)
j−1

)︂
ϵ+

α

3

(︂
ϵ · l − 2ϵ · (i+ 1)

)︂
π
(ϵ)
l−1 ≥ π

(ϵ)
l ,

∀i ∈
{︂
1, . . . , ⌊ l3⌋

}︂
, l ∈

{︂⌈︂
3
αϵ

⌉︂
,
⌈︂

3
αϵ

⌉︂
+ 1, . . . ,

⌈︂1
ϵ

⌉︂}︂
, (4.8e)

α

3
π
(ϵ)
l−1ϵl −

α

3

(︂
π
(ϵ)
l − π

(ϵ)
i+1

)︂
ϵ · (i+ 1) ≥ π(ϵ)l ,

∀i ∈ {1, . . . , l}, l ∈
{︂⌈︂

2
αϵ

⌉︂
,
⌈︂

2
αϵ

⌉︂
+ 1, . . . ,

⌈︂1
ϵ

⌉︂}︂
. (4.8f)
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The proof of the above proposition is given in Appendix C.2. The above optimization problem
can be solved by standard LP solvers1 for different values of ϵ, dmin, and dmax. For ϵ = 0.001

and dmin = 1, Figure 4.1 shows the competitive ratio—equal to α∗, the optimal value of the LP
in Proposition 4.2—for rDynamic-variable when the ϕ function is chosen according to Propo-
sition 4.2. As illustrated, numerical methods can produce a pricing function design that offers a
stronger performance guarantee than the one proposed in Corollary 4.1.

We can prove the following lower-bound on the competitivness of any online algorithm for
kRental-variable problem.

Proposition 4.3 (Lower Bound of kRental-variable). No online algorithm, deterministic or
randomized, can obtain a competitive ratio better than 1 + ln

(︂
dmax
dmin

)︂
for the kRental-variable

problem.

The proof of the above proposition can be found in Appendix C.4. The idea is to design a
set of hard instances in which initially k buyers with rental duration dmin arrive. Following these
buyers, there will be additional batches of buyers whose rental durations increase continuously until
reaching dmax. Moreover, these buyers arrive in a very short span of time. Following from the above
lower bound result and Corrolary 4.1, we argue that rDynamic-variable is order-optimal.

4.4 Chapter Summary

In this chapter, we study the kRental-variable problem, where a decision maker manages reusable
resources rented to sequentially arriving buyers with buyer-dependent rental durations. We present
a novel algorithm, rDynamic-variable, which employs a randomized dynamic pricing strategy
to generate fractional solutions that address uncertainties in both valuations and rental durations.
These fractional solutions are then efficiently rounded using our newly developed online rounding
scheme. Through detailed theoretical analysis, we derive performance guarantees and prove that
the algorithm’s competitiveness is order-optimal. Our algorithm achieves tighter performance guar-
antees compared to those developed in [GL16, GG20] for a problem similar to kRental-variable,
yielding a better competitive ratio in both small and large inventory settings. We derive pricing
functions using an alternative approach for resource allocation that is memory-dependent and ac-
counts for the pricing of the resource based on the rental durations of current buyers, who may
receive a unit of the resource and return it at an early time.

However, it remains an open problem to develop algorithms with even tighter performance guar-
antees and to establish stronger lower bounds for any online algorithm solving the kRental-variable

1It is worth noting that the number of variables in above LP grows on the order of ⌈1/ϵ⌉, while the number of
constraints increases on the order of (⌈1/ϵ⌉)2. Techniques such as the interior point method can be employed to solve
this optimization problem efficiently.
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problem. Furthermore, it is still unclear how to derive correlation schemes that can round fractional
solutions more effectively than the limited-correlation approach used in Algorithm 4. An important
open question is how to extend the online correlation assignment ((k, d)-oca) procedure devel-
oped in Chapter 3 so that it can efficiently round fractional allocations in settings with variable,
buyer-dependent rental durations.
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Part II

ONLINE MATCHING

49



Chapter 5

Online Edge-Weighted Matching with
Bounded Weights

This chapter addresses the online edge-weighted matching with bounded weights (Matching-BW)
problem, focusing on settings where a decision-maker manages multiple resource types, each with
a limited number of units, which must be allocated immediately and irrevocably to sequentially
arriving buyers. Each buyer has distinct, bounded valuations for different resources that are revealed
upon arrival. The chapter introduces a randomized static pricing algorithm, rStatic-matching,
which maintains fixed prices throughout the buyer arrival period to avoid price discrimination.
Through rigorous theoretical analysis, we derive new competitive ratio guarantees and establish a
tight lower bound, demonstrating that rStatic-matching achieves optimal performance among
all online algorithms using static pricing.

5.1 Problem Statement and Assumptions

Let us define the online edge weighted matching problem (Matching-BW) as follows. In this problem,
a seller maintains J resources, with each resource j having an inventory of Cj identical units for sale.
N buyers arrive sequentially. Upon the arrival of each buyer n ∈ [N ], the seller posts a price pn,j
for each resource j ∈ [J ]. Buyer n has private valuations over the resources {vn,j}j∈[J ], where vn,j
represents her valuation for one unit of resource j. Without loss of generality, vn,j = 0 if buyer n is
not interested in resource j. Based on the posted prices, buyer n can obtain a utility of vn,j − pn,j
from purchasing resource j. Then, buyer n decides to purchase resource

j∗ = argmax
j∈[J ]

{︂
vn,j − pn,j

}︂
,
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provided that the utility from purchasing resource j∗ is non-negative.

Let xn,j ∈ {0, 1} denote the decision of whether buyer n purchases resource j (with xn,j = 1

indicating a purchase and xn,j = 0 otherwise). Buyer n obtains a utility of

un =
∑︂

j∈[J ]

xn,j(vn,j − pn,j),

and the seller collects a total revenue of

rj =
∑︂

n∈[N ]

xn,jpn,j

from selling resource j. The overall objective is to maximize the social welfare, sum of utilities of
buyers and the seller, which is given by

∑︂

n∈[N ]

un +
∑︂

j∈[J ]

rj =
∑︂

n∈[N ]

∑︂

j∈[J ]

xn,jvn,j .

We denote by I := {vn,j}n∈[N ],j∈[J ] an instance of the Matching-BW problem. Given this instance,
the optimal social welfare of a clairvoyant algorithm, OPT(I), can be obtained by solving the following
offline problem:

max
xn,j

∑︂

n∈[N ]

∑︂

j∈[J ]

vn,jxn,j (5.1)

s.t.
∑︂

n∈[N ]

xn,j ≤ Cj , ∀j ∈ [J ], (5.2)

∑︂

j∈[J ]

xn,j ≤ 1, ∀n ∈ [N ], (5.3)

xn,j ∈ {0, 1}, ∀n ∈ [N ], ∀j ∈ [J ], (5.4)

where constraint (5.2) guarantees that at most Cj copies of resource j are sold, and constraint (5.3)
ensures that each buyer is allocated at most one unit from one of the resources.

In the online setting, a posted price algorithm must determine the price vector {pn,j}j∈[J ] for
each buyer n just based on past purchase decisions {xi,j}j∈[J ],i<n without the information of future
buyers. We aim to find the online pricing algorithm that can achieve the minimum competitive
ratio.

It is well-known that no online algorithm can achieve a bounded competitive ratio in the general
online edge-weighted matching problem [M+13]. Therefore, prior work relies on various additional
assumptions based on specific applications. For example, this problem has been studied under the
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free disposal assumption in the Ad assignment problem [FKMP09]. In this paper, we extend the
bounded valuation assumption of pervious chapters to Matching-BW.

Assumption 5.1. Buyers’ valuations are bounded if they are interested in resource j, i.e., vn,j ∈
[vmin,j , vmax,j ], ∀n ∈ [N ], j ∈ [J ].

Let θj = vmax,j/vmin,j denote the fluctuation ratio of resource j, and let θmax = maxj∈[J ] θj . It
is worth noting that the online vertex-weighted matching problem, first introduced by [AGKM11],
is a special case of the Matching-BW problem in which, for each resource type j, θj = 1.

5.2 rStatic-matching: Static Pricing Algorithm for Matching-BW

In the following, we present rStatic-matching, a posted-price mechanism that uses a randomized
static pricing scheme. Initially, before the arrival of any buyer, the algorithm samples a set of
random seeds {sj}j∈[J ], independently drawn from the uniform distribution U(0, 1) for each resource
j. Based on these random seeds, the algorithm sets the static prices pj = ϕj(sj) for each resource
j, where ϕj denote the pricing function used to allocate resource type j. Throughout the horizon,
these prices remain fixed and are posted to each arriving buyer.

When a buyer arrives with valuation vector {vn,j}j∈[J ], she determines the resource j∗ that
maximizes her utility

max
j∈[J ]

(︂
vn,j − pj

)︂
.

She then purchases resource j∗ if the resulting utility vn,j∗ − pj∗ is nonnegative and rejects all
prices otherwise. It is worth mentioning that buyer n may choose not to purchase resource j even
if her valuation vn,j is higher than the posted price pj of resource j. This is because rStatic-

matching may instead select another resource that can provide greater utility. Such competition
among resources leads to the correlation of the online decision for one resource and the posted prices
of the other resources.

5.3 Theoretical Grantee of rStatic-matching

By carefully designing the set of pricing functions {ϕj}j∈[J ], rStatic-matching can attain the
competitive ratio discussed in the following theorem.
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Algorithm 5: Randomized Static Pricing Algorithm (rStatic-matching) for
Matching-BW

1 Input: A set of pricing functions {ϕj(·)}j∈[J ].
2 Initialization: For each resource j ∈ [J ]: Sample a random seed sj ∼ U(0, 1)

independently; set the static price pj = ϕj(sj);
3 Initialize the inventory counter yj = 1.
4 for each arriving buyer n: do
5 Define the set of available resources: A = {j ∈ [J ] | yj ≤ Cj}.
6 Post the prices {pj}j∈A for the resource types in A to buyer n.
7 if buyer n purchases a unit of resource type j∗ ∈ A then
8 Set xn,j∗ ← 1 and xn,j ← 0 for all j ̸= j∗.
9 Update the inventory counter: yj∗ ← yj∗ + 1.

10 end
11 else
12 Set xn,j ← 0 for all j ∈ [J ].
13 end
14 end

Theorem 5.1. rStatic-matching is α∗
Matching-BW-competitive for the Matching-BW problem when

the set of pricing functions {ϕj}j∈[J ] is given by, for all j ∈ [J ],

ϕj(y) =

⎧
⎪⎨
⎪⎩

(αj − 1)vmin,j

αj
· ey if y ∈ [0, ωj),

vmax,je
αj(y−1) if y ∈ [ωj , 1],

(5.5)

where ωj is the solution of

eωj

eωj − 1
=

ln θj
1− ωj

, (5.6)

αj =
eωj

eωj − 1
, and α∗

Matching-BW = maxj∈[J ] αj.

We extend the economics-based approach developed by [EFFS21] to analyze rStatic-matching.
The proof details are given in Appendix D.1.

It should be noted that rStatic-matching obtains a competitive ratio of e
e−1 in the online

vertex-weighted matching problem, which is a special case of the Matching-BW problem where for
each resource type θj = 1 (that is, vmax,j = vmin,j). In this case, based on Theorem 5.1, as θj
converges to one, the corresponding ωj , which is the solution to Eq. (5.6), also approaches one.
Thus, the competitive ratio of Algorithm 5 also converges to e

e−1 , which is the optimal competitive
ratio that can be obtained by any online algorithm for the online vertex-weighted matching problem
[AGKM11].
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5.4 Lower Bound of Matching-BW

In this section, we establish a lower bound for Matching-BW that matches the competitive ratio
α∗
Matching-BW achieved by rStatic-matching, as stated in Theorem 5.1. Consequently, our proposed

static pricing algorithm is optimal among all online algorithms.

Theorem 5.2. No online algorithm, including deterministic and randomized algorithms, for Matching-BW
problem can achieve a competitive ratio smaller than eω

eω−1 , where ω is the solution of eω

eω−1 = ln θmax
1−ω .

We still rely on a representative function approach to demonstrate the lower bound of Matching-BW
similar to the proof done for obtaining a lower-bound for kSelection-cost problem in Chapter 2.
We first construct a family of hard instances, where each instance can be divided into two stages. The
instance in Stage I is the classic upper-triangle instance from the online matching literature [DJ12],
which requires the online algorithm to balance the numbers of sold units from different resources.
The Stage II of the instance follows the design of the worst-case instance for obtaining a lower-
bound for kSelection-cost problem in Chapter 2, which requires the online algorithm to reserve
some units for high-valuation buyers. Because of the possible occurrence of the Stage II, algorithm
cannot fully utilize its inventory for each of the resources in the first stage. Let ω denote the max-
imum utilization reserved for resources in Stage I, the competitive ratio of any algorithms is lower
bounded by α ≥ eω

eω−1 , following similar arguments in the lower bound proof of online matching. At
the end of Stage I, the arrivals of Stage II are constructed similarly to the worst-case instance for
obtaining a lower-bound for kSelection-cost problem in Chapter 2, and only interested in one of
the resources that have been sold up to ω. We modify the lower bound proof of kSelection-cost
problem by additionally taking into account the selection decisions in Stage I, and lower bound the
competitive ratio by α ≥ ln θ

1−ω . The lower bound of Matching-BW is obtained by optimizing the
representative function to balance the difficulties from the instances in the two stages. The proof
details are presented in Appendix D.2.

5.5 Chapter Summary

In this chapter, we study the online edge-weighted matching with bounded weights (Matching-BW)
problem, where a seller allocates limited units from multiple resource types to sequentially arriving
buyers, each with distinct and bounded valuations. To address concerns regarding fairness and
price discrimination, we introduce the randomized static pricing algorithm, rStatic-matching,
which maintains fixed yet randomized resource prices throughout the buyer arrival period. We
rigorously analyze the competitive performance of this algorithm, deriving a tight lower bound on
its competitive ratio, and demonstrate that rStatic-matching achieves optimal competitiveness
not only among static pricing mechanisms but also among all online algorithms designed for the
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Matching-BW problem. This result underscores the feasibility of ensuring fairness without sacrificing
allocation efficiency in adversarial online matching scenarios using randomized pricing schemes.
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Chapter 6

Online Edge-Weighted Matching with
Reusable Resources

In this chapter, we study the online edge-weighted matching with reusable resources (Matching-RR)
problem, which generalizes the problem setting studied in Chapter 4 (kRental-variable) to mul-
tiple resource types, each with an inventory of multiple reusable units. Buyers arrive sequentially,
requesting to rent resources for varying durations, each with distinct per-unit-time valuations. We
propose a randomized hybrid pricing algorithm, rHybrid-matching-RR, combining static ran-
domized pricing to handle uncertainties in valuations and dynamic pricing to manage variability in
rental durations. We rigorously analyze the performance of this algorithm using a randomized LP-
free certificate method, and then deriving a new lower bound to demonstrate the order-optimality
of our algorithm.

6.1 Problem Statement and Assumptions

Let us formally define the online edge-weighted matching with reusable resources (Matching-RR).
A seller manages J distinct resources, where resource type j ∈ [J ] has an inventory of Cj identical
units. A sequence of N buyers arrives online, one at a time. Upon the arrival of buyer n at time
an, the buyer reports a collection of resource-specific parameters

(︁
dn,j , ρn,j

)︁
j∈[J ], where dn,j is the

duration for which buyer n wishes to rent one unit of resource j, and ρn,j is buyer n’s per-unit-time
valuation for renting a unit of resource j. Hence, the algorithm obtains total value ρn,j · dn,j by
allocating one unit of resource j to buyer n. Whenever either dn,j = 0 or ρn,j = 0, buyer n has no
interest in resource j. If a unit of resource type j is allocated to buyer n, it remains under buyer
n’s rental for dn,j time steps and becomes available again at time an + dn,j .

When buyer n arrives, the seller must make an irrevocable decision to decide whether to reject
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this buyer or to allocate at most one unit from a resource j for duration dn,j . Following the
convention in online matching, we assume that each buyer can at most rent one unit from one of
the resources.

Let xn,j ∈ {0, 1} denote the decision of the online algorithm to allocate a unit of resource j to
buyer n. The total objective value of the online algorithm is equal to

∑︁N
n=1 xn,j ρn,j dn,j , which is

the sum of the valuations of the buyers whose request is accepted. Furthermore, to guarantee that
no more than Cj unit of each resource is allocated at any point of time throughout the horizon, the
algorithm must satisfy the following constraint

n∑︂

τ=1

xτ,j 1{︁aτ+dτ,j>an
}︁ ≤ Cj ,∀n ∈ [N ], ∀j ∈ [J ].

Let I = {(dn,j , ρn,j)j∈[J ], an}n∈[N ] denote an instance of the Matching-RR problem. The optimal
clairvoyant algorithm’s performance on instance I is given by solving the following integer linear
program:

max
xn,j

∑︂

n∈[N ]

∑︂

j∈[J ]

ρn,j dn,j xn,j , (6.1a)

s.t.
n∑︂

τ=1

xτ,j 1{︁aτ+dτ,j>an
}︁ ≤ Cj , ∀n ∈ [N ], ∀ j ∈ [J ], (6.1b)

∑︂

j∈[J ]

xn,j ≤ 1, ∀n ∈ [N ], (6.1c)

xn,j ∈ {0, 1}, ∀n ∈ [N ], ∀j ∈ [J ]. (6.1d)

In Matching-RR, there is an additional layer of uncertainty compared to kRental-variable,
as buyers have distinct per-unit-time valuations for each resource j. In kRental-variable, every
buyer has a fixed per-unit-time valuation of one. However, in Matching-RR, each buyer may hold a
different valuation for each resource type. Moreover, the seller’s inventory now comprises multiple
resource types, subject to a matching constraint that limits each arriving buyer to receiving at most
one resource unit.

To ensure a bounded competitive ratio, we impose the following assumptions on Matching-RR,
which must hold for each resource type j ∈ [J ]:

Assumption 6.1 (Bounded Valuations). For all buyers n, the valuation per unit time for resource
j lies within [ρmin,j , ρmax,j ].

Assumption 6.2 (Bounded Durations). For all buyers n, the requested rental duration for resource
j lies in the range [dmin,j , dmax,j ].
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Let I denote the set of all instances of the Matching-RR problem that can be selected by an
adversary while satisfying the above assumption. The goal is to design online algorithms whose
objective value is competitive with that of OPT(I) for every instance I ∈ I. The α-competitiveness
of an online algorithm is defined according to Eq. (1.1).

Remark 6.1. The objective in Matching-RR can be interpreted as finding a maximum edge-weighted
matching in an online bipartite graph, where the offline nodes are reusable. Specifically, each resource
type j is viewed as an offline node with Cj identical copies, and each buyer n is an online node
arriving sequentially. The set of resource types for which the buyer’s requested rental is nonzero
forms the set of neighbors for the online node corresponding to that buyer. Moreover, the valuation
dn,j · ρn,j obtained from allocating one unit of resource j to buyer n is interpreted as the weight
of the edge that matches the online node (representing buyer n) to the offline node (representing a
unit of resource type j). The set of edges for each online node and their corresponding weights are
revealed upon that node’s arrival. Thus, the objective of maximizing the total valuation of accepted
requests can be seen as finding the maximum edge-weighted matching in this bipartite graph, under
the condition that each offline node is reusable once its allotted rental duration elapses.

6.2 rHybrid-matching-RR: A Randomized Algorithm for Matching-RR

In this section, we present a randomized algorithm, dubbed rHybrid-matching-RR, in Algo-
rithm 6 for the Matching-RR problem, which incorporates both static and dynamic pricing schemes.
We first provide an explanation of the algorithm, and then in the following section, we establish
theoretical guarantees on the algorithm’s competitive ratio.

Two sources of uncertainty regarding buyers’ rental durations and their per-unit-time valuations
make the design of online algorithms in this problem challenging. Furthermore, compared to the
kRental-variable problem, we also have different resource types and a matching constraint that
each buyer can be allocated (matched) at most one unit; the uncertainty regarding the total demand
with respect to each resource type adds an additional layer of uncertainty.

In Algorithm 6, we handle the uncertainty regarding the buyer’s rental duration using the
algorithm developed for the kRental-variable problem. Furthermore, to address the uncertainty
with respect to the buyer’s per-unit-time valuation, we use a randomized static price for each
resource type that is set at the beginning, before the arrival of the first buyer, and we only accept
a rental request for a resource type if the buyer’s per-unit-time valuation for that resource type is
at least equal to that static price. Finally, to handle the trade-off with respect to the demand for
different resource types at the arrival of each buyer, we select a resource type for allocation based
on the value obtained by the algorithm if a unit of that resource type is allocated, as well as the
available fraction of inventory for that resource type.
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Algorithm 6: Randomized Hybrid Static-Dynamic Pricing Algorithm for Matching-RR
(rHybrid-matching-RR)
1 Input: Two sets of pricing functions {ϕ1,j}j∈[J ] and {ϕ2,j}j∈[J ].
2 Initialization:
3 Sample a random seed vector s = {sj}j∈[J ], where sj ∼ U(0, 1); for each resource j ∈ [J ],

set pj = ϕ2,j(sj); for each resource j ∈ [J ] and each unit i ∈ [Cj ] of resource j,
4 Set availability variable a(i)j = 1 for each j ∈ [J ] and i ∈ [Cj ].

5 Set utilization level variable y(i)1,j = 0 for each j ∈ [J ] and i ∈ [Cj ].
6 for each arriving buyer n do
7 if a previously allocated unit i of resource j is returned then
8 a

(i)
j ← 1.

9 end
10 Let R = {j ∈ [J ] : ρn,j ≥ pj}.
11 for each resource j ∈ [R] and each unit i ∈ [Cj ] do
12

y
(i)
n,j =

n−1∑︂

κ=1

xκ · 1[︁aκ+dκ,j>an
]︁ · 1[︁

j∗κ=j and i∗
κ,j∗κ

=i
]︁.

13 end
14 For each resource type j ∈ [R], let i∗n,j = argmin i∈[Cj ] y

(i)
n,j and yn,j = min i∈[Cj ] y

(i)
n,j .

15 For each resource type j ∈ R, determine

xn,j = argmax
x∈[0,1]

{︂
x · dn,j −

∫︂ yn,j+x

η=yn,j

ϕ1,j(η)dη
}︂
.

16 Determine j∗n = argmax j∈R xn,j ρn,j dn,j and xn = xn,j∗n .

17 if a
(i∗

n,j∗n
)

j∗n
= 1 then

18 Allocate unit i∗n,j∗n of resource j∗n to buyer n with probability
xn

1− yn,j∗n
.

19 if a successful allocation occurs then

20 a
(i∗

n,j∗n
)

j∗n
← 0.

21 end
22 end
23 end
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More specifically, at the beginning, Algorithm 6 computes a set of static prices pj , ∀j ∈ [J ], which
are set randomly using the set of random seeds {sj}j∈[J ] sampled from the uniform distribution
U(0, 1). These prices remains unchanged for the entire horizon of Matching-RR problem where
buyers arrive. At the arrival of each buyer n, the algorithm computes a set of values y(i)n,j , which
is the probability that unit i of resource type j is allocated to a buyer arriving before buyer n and
is still under rental at the time of buyer n’s arrival. We refer to this value as the probabilistic
utilization level of unit i of resource type j. Then, for each resource type j, the algorithm selects
the unit i∗n,j with the lowest utilization level and sets the variable yn,j to be the utilization level of
unit i∗n,j .

Next, the algorithm sets R to be the subset of resource types for which buyer n’s per-unit-time
valuation is at least equal to the static price that was set for that resource type at the beginning of the
horizon. Then, for each resource type j, the algorithm computes a variable xn,j in a manner similar
to Algorithm 4 to handle the uncertainty regarding buyers’ rental durations. At the final stage,
to determine which resource type to allocate (i.e., matching) to buyer n, the algorithm selects the
resource type j∗n that will yield the highest expected value if a unit of that resource type is allocated
to buyer n with probability xn,j∗n . Finally, the algorithm allocates unit i∗n,j∗n of resource j∗n to buyer n
with probability xn using the same limited correlation procedure as rDynamic-variable algorithm
given in Algorithm 4.

6.3 Theoretical Guarantee of rHybrid-matching-RR

Using the randomized version of the LP-free certificate method in [GIU0], we obtain a set of
constraints for the family of pricing functions {ϕ1,j , ϕ2,j}j∈[J ] to satisfy, ensuring that rHybrid-

matching-RR achieves a specified level of competitiveness for the Matching-RR problem.
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Proposition 6.1. rHybrid-matching-RR (Algorithm 6) is

max
j∈[J ]

{︄(︂
1 + ln

(︂ρmax,j

ρmin,j

)︂)︂
· αj

}︄
-competitive

for the Matching-RR problem, provided that for each resource j:

• The pricing function ϕ1,j is increasing and satisfies the following inequalities for all d ∈
[dmin,j , dmax,j ]:

∫︂ 2y1

y1

2αj

3
ϕ1,j(η) dη +

αj

3
d
(︂
ϕ−1
1,j (d)− 2y1

)︂
≥ d, ∀ y1 ∈

[︂
0,
ϕ−1
1,j (d)

2

]︂
, (6.2)

αj

3
dϕ−1

1,j (d)−
αj

3
y2

(︂
d− ϕ1,j(y2)

)︂
≥ d, ∀ y2 ∈

[︂
0, ϕ−1

1,j (d)
]︂
. (6.3)

• The pricing function ϕ2,j is defined as

ϕ2,j(y) = ρmin,j · exp
(︂[︂

1 + ln
(︂ρmax,j

ρmin,j

)︂]︂
y − 1

)︂
, ∀ y ∈ [0, 1].

The proof of the above proposition can be found in Appendix E.1. For each resource type j, the
constraints that the pricing function ϕ1,j must satisfy—parameterized by αj—are similar to those in
Proposition 4.1. Each function ϕ1,j is parameterized by a different αj because the uncertainty range
with respect to buyer’s rental duration for each resource type, [dmin,j , dmax,j ], differs. Furthermore,
the pricing functions {ϕ2,j}j∈[J ] are designed to handle the uncertainty in the per-unit-time valuation
of each resource j. The final competitive ratio of rHybrid-matching-RR is given by the maximum
product over resource types of the terms αj and

(︂
1+ ln

(︂
ρmax,j

ρmin,j

)︂)︂
, where αj reflects the efficiency of

ϕ1,j in managing uncertainty regarding buyers’ rental durations, and
(︂
1 + ln

(︂
ρmax,j

ρmin,j

)︂)︂
reflects the

efficiency of ϕ2,j in managing uncertainty regarding buyers’ per-unit-time valuations.

Corollary 6.1. rHybrid-matching-RR (Algorithm 6) is

3 ·max
j∈[J ]

{︄(︂
1 + ln

(︂ρmax,j

ρmin,j

)︂)︂
·
(︂
1 + ln

(︂dmax,j

dmin,j

)︂)︂}︄
-competitive

for the problem Matching-RR if the set of pricing functions {ϕ1,j , ϕ2,j}j∈[J ] are given as follows:

ϕ1,j(y) = dmin,j · exp
(︂[︂

1 + ln
(︂dmax,j

dmin,j

)︂]︂
y − 1

)︂
, ∀y ∈ [0, 1],

ϕ2,j(y) = ρmin,j · exp
(︂[︂

1 + ln
(︂ρmax,j

ρmin,j

)︂]︂
y − 1

)︂
, ∀y ∈ [0, 1].
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The above corollary follows by designing the set of pricing functions {ϕ1,j}j∈[J ] that satisfy the
constraints in Eqs. (6.2) and (6.3), in a manner similar to Corollary 4.1. It is worth noting that
the proposed designs for each ϕ1,j satisfy these constraints with αj = 3 ·

(︂
1+ ln

(︂
ρmax,j

ρmin,j

)︂)︂
; however,

this value of αj is not necessarily the lowest possible. To achieve pricing functions with tighter
performance guarantees, one can adopt a numerical approach and solve the optimization problem
in Eq. (4.8a), parameterized by dmin,j and dmax,j .

6.4 Lower Bound for Matching-RR and Order-Optimality of rHybrid-

matching-RR

We can prove the following lower-bound on the competitive-ratio of any online algorithm for
Matching-RR problem using the representative function approach similar to that of Chapter 2.

Proposition 6.2. No online algorithm, deterministic or randomized, can obtain a competitive ratio
better than maxj∈[J ]

(︂
1 + ln

(︂
dmax,j

dmin,j

)︂
+ ln

(︂
ρmax,j

ρmin,j

)︂)︂
for the Matching-RR problem.

We prove the above proposition by designing a set of hard instances and analyzing the perfor-
mance of the optimal online algorithm on these instances using the representative function approach.
Further details of the proof can be found in Appendix E.2.

Building on the above lower bound result and Corollary 6.1, we argue that the competitive
ratio of the rHybrid-matching-RR algorithm is order-optimal with respect to the fluctuation
ratios in rental durations and per-unit-time valuations, i.e., dmax,j

dmin,j
and ρmax,j

ρmin,j
for each resource type

independently.

6.5 Chapter Summary

In this chapter, we introduce the online edge-weighted matching problem with bounded weights
and reusable resources (Matching-RR), a generalization of the problem studied in [SYH+23]. Unlike
their setting, our model allows buyers to arrive at any point in time over a continuous horizon. This
problem also generalizes the k-rental problems examined in Chapters 3 and 4.

We propose a randomized hybrid pricing algorithm, rHybrid-matching-RR, which integrates
both static and dynamic pricing techniques to address uncertainties in buyer valuations and rental
durations. Specifically, the algorithm first applies static randomized pricing to manage uncertainty
in per-unit-time valuations, followed by dynamic pricing to adapt to variability in rental intervals.
This hybrid approach enables the algorithm to effectively balance inventory across multiple resource
types. Our theoretical analysis establishes a new lower bound on the competitive ratio and shows
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that rHybrid-matching-RR achieves order-optimal competitiveness, successfully addressing the
challenges of online allocation with reusable resources.

It remains an open problem to design algorithms with tighter performance guarantees and to
establish improved lower bounds for the performance of any online algorithm for the Matching-RR

problem.
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Chapter 7

Conclusions, Open Questions, and
Future Work

In this thesis, we studied online resource allocation in settings that range from online selection under
increasing marginal production costs (with single type of resource) to online matching with reusable
and multi-type resources. More specifically, Chapter 2 investigated diseconomies of scale in online
selection by proposing a randomized dynamic pricing scheme and establishing tight lower bounds.
Chapters 3 and 4 focused on the online k-rental problem, first under a fixed rental duration and
then under variable durations. Finally, Chapters 5 and 6 moved to multi-resource environments,
showing that carefully designed static and dynamic pricing methods can achieve optimal in the first
case and near-optimal competitive ratios even in the multi-resource setting where there is another
layer of uncertainty compared to online selection problems regarding the total demand for different
resource types.

There are some limitations in the results presented in this thesis that require further exploration.
In particular, it remains an open question whether Algorithm 1, discussed in Chapter 2, is optimal
for all k ≥ 3. Although we conjecture that our randomized pricing mechanism is optimal for all
k ≥ 1, establishing or refuting its optimality for k ≥ 3 requires a more refined analysis. Additionally,
designing algorithms with tight performance guarantees for the problems studied in Chapter 4 and
Chapter 6 remains a challenge. Future directions include developing improved pricing functions for
resource allocation and devising stronger correlation schemes that can more effectively round the
fractional solution than our current methods allow. Finally, since the results in Chapter 3, Chapter 4,
and Chapter 6 are not incentive-compatible with respect to buyer valuations, an important direction
for future work is to design online mechanisms that guarantee incentive compatibility in these
scenarios.

Furthermore, our work raises broader questions in the field of online resource allocation. One in-
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triguing direction is to explore posted-price mechanisms that incorporate correlation across different
prices and to analyze their performance. We believe that the correlation scheme (k, d)-oca, intro-
duced in Chapter 3, could pave the way for developing such posted-price mechanisms. In addition, it
would be valuable to study other metrics, such as risk and fairness, to ensure that these randomized
pricing algorithms not only maximize efficiency but also yield more reliable and equitable outcomes.
In particular, investigating the risk sensitivity of randomized pricing algorithms would extend our
current risk-neutral analysis, offering deeper insights into performance under uncertainty.

In Chapters 3, 4, and 6, we employed a relax-and-round framework to design online algorithms
for problems involving reusable resources. In the relaxation step, our pricing-based approach for
generating fractional solutions proved effective, yielding strong performance guarantees. This out-
come highlights the broader applicability of pricing-based methods to other related settings. In the
rounding step, although our correlation-based techniques demonstrated strong performance in the
studied problems, there remains considerable room for improvement. In particular, the development
of more general and powerful correlation schemes could further enhance performance, expanding
the applicability of the relax-and-round framework to increasingly complex online market scenarios.
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Appendix A

Proofs of Chapter 2

A.1 Proof of Lemma 2.1

The monotonicity of each function ψi follows from the fact that if the random variable Ψi(v) is
realized to be equal to one for some v, then for all v′ > v, Ψi(v

′) must also be equal to one (based
on the definition of Ψi). Since ψi(v) and ψi(v

′) represent the expected values of Ψi(v) and Ψi(v
′),

respectively, this property ensures that each ψi is increasing. Furthermore, by the definition of the
state variables qi and qi+1, whenever Ψi+1(v) = 1, the allocation must have reached at least i + 1

units, which implies Ψi(v) = 1. Consequently, it follows that ψi(v) ≥ ψi+1(v).

A.2 Proof of Proposition 2.1

For any randomized algorithm ALG, let D(vmin) denote the number of units that ALG allocates under
the instance I(ϵ)vmin (i.e., the instance I(ϵ) by the end of stage-vmin). Thus, D(vmin) is a random
variable taking values from 0 to k. Based on definition of D(vmin), ALG(I(ϵ)vmin) can be computed as
follows:

ALG
(︂
I(ϵ)vmin

)︂
= E

⎡
⎣D(vmin) · vmin −

D(vmin)∑︂

i=1

ci

⎤
⎦ ,

where the expectation is taken with respect to the randomness of D(vmin) (the distribution depends
on the randomness of the algorithm ALG). Let the indicator function 1{D(vmin)=j} = 1 if ALG allocates
exactly j units at the end of stage-vmin, and 1{D(vmin)=j} = 0 otherwise. Based on definition of the
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random variables {Ψi(vmin)}∀i∈[k], we argue that:

1{D(vmin)=j} = Ψj(vmin)−Ψj+1(vmin), 1 ≤ j ≤ k. (A.1)

Here, Ψk+1(vmin) = 0 always holds. To see why Eq. (A.1) is true, consider the case where the
random variable D(vmin) = j, then:

Ψi(vmin) = 1, ∀i ≤ j,
Ψi(vmin) = 0, ∀i > j.

From the equation above, we can observe that when the indicator function 1{D(vmin)=j} = 1,
Ψj+1(vmin) − Ψj(vmin) = 1 holds. For the case when 1{D(vmin)=j} = 0, if D(vmin) < j, then
Ψj(vmin) = Ψj+1(vmin) = 0 and 1{D(vmin)=j} = Ψj(vmin) − Ψj+1(vmin) follows. For the case
D(vmin) > j, the two equations Ψj(vmin) = Ψj+1(vmin) = 1 and 1{D(vmin)=j} = Ψj(vmin) −
Ψj+1(vmin) again follow. As a result, ALG(I(ϵ)vmin) can be computed as follows:

ALG
(︂
I(ϵ)vmin

)︂
= E

⎡
⎣D(vmin) · vmin −

D(vmin)∑︂

i=1

ci

⎤
⎦

=
k∑︂

j=1

E
[︁
1{D(vmin)=j}

]︁
·
(︄
j · vmin −

j∑︂

i=1

ci

)︄

=
k∑︂

j=1

E [Ψj(vmin)−Ψj+1(vmin)] ·
(︄
j · vmin −

j∑︂

i=1

ci

)︄

=
k∑︂

j=1

(︁
ψj(vmin)− ψj+1(vmin)

)︁
·
(︄
j · vmin −

j∑︂

i=1

ci

)︄

=
k∑︂

j=1

ψj(vmin) · (vmin − cj)− ψk+1(vmin) ·
(︄
k · vmin −

k∑︂

i=1

ci

)︄

=
k∑︂

j=1

ψj(vmin) · (vmin − cj).

Now, let us compute the objective of the α-competitive algorithm at the end of stage-v, ∀v ∈ V (ϵ),
such that v = vmin +m · ϵ. Let the random variable Xi(v) be the value obtained from allocating
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the i-th unit of the item at the end of some stage-v ∈ V (ϵ). It follows that

E[Xi(v)− ci]

= ψi(vmin) · (vmin − ci) + E

⎡
⎣

m∑︂

j=1

(vmin + j · ϵ− ci) ·
(︂
Ψi(vmin + j · ϵ)−Ψi(vmin + (j − 1) · ϵ)

)︂
⎤
⎦

= ψi(vmin) · (vmin − ci) +
m∑︂

j=1

(vmin + j · ϵ− ci) · E [Ψi(vmin + j · ϵ)−Ψi(vmin + (j − 1) · ϵ)]

= ψi(vmin) · (vmin − ci) +
m∑︂

j=1

(vmin + j · ϵ− ci) · (ψi(vmin + j · ϵ)− ψi(vmin + (j − 1) · ϵ)) .

where the first equality follows because if the i-th unit is allocated at some stage vmin + j · ϵ,
then the algorithm must have sold at least i units of the item by the end of vmin + j · ϵ, leading
to Ψi(vmin + j · ϵ) = 1. Additionally, if the i-th unit is allocated at stage vmin + j · ϵ, then at
stage vmin + (j − 1) · ϵ, the algorithm must have allocated fewer than i units, indicating that
Ψi(vmin + (j − 1) · ϵ) = 0. Putting together the above results, it follows that:

ALG
(︂
I(ϵ)v

)︂

=
k∑︂

i=1

E[Xi(v)− ci]

=
k∑︂

i=1

[︂
ψi(vmin) · (vmin − ci)+

m∑︂

j=1

(vmin + j · ϵ− ci) ·
(︂
ψi(vmin + j · ϵ)− ψi(vmin + (j − 1) · ϵ)

)︂]︂
,

= ALG
(︂
I(ϵ)vmin

)︂
+

k∑︂

i=1

m∑︂

j=1

(vmin + j · ϵ− ci) ·
(︂
ψi(vmin + j · ϵ)

− ψi(vmin + (j − 1) · ϵ)
)︂
, ∀m ∈

{︃
1, . . . , ⌊vmax − vmin

ϵ
⌋
}︃
.

Proposition 2.1 thus follows.
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A.3 Proof of Lemma 2.2

Based on Proposition 2.1, for any online algorithm ALG, we have:

ALG
(︂
I(ϵ)vmin

)︂
=

k∑︂

i=1

ψ
(vmin)
i · (vmin − ci),

ALG
(︂
I(ϵ)vmin+j·ϵ

)︂
= ALG

(︂
I(ϵ)vmin

)︂
+

k∑︂

i=1

j∑︂

m=1

(︃
(vmin +m · ϵ) ·

(︂
ψi(vmin +m · ϵ)

− ψi(vmin +m · ϵ− ϵ)
)︂)︃

, ∀j = 1, 2, . . . ,

⌊︃
vmax − vmin

ϵ

⌋︃
.

As ϵ→ 0, following the Riemann summation, it follows that:

ALG
(︂
I(ϵ)v

)︂
= ALG

(︂
I(ϵ)vmin

)︂
+

k∑︂

i=1

∫︂ v

η=vmin

(η − ci) ·
[︂
ψi(η)− ψi(η − dη)

]︂
, ∀v ∈ [vmin, vmax].

Based on above, the set of functions {ψi}i∈[k] should be defined over the range [vmin, vmax].

In the next step, we prove the existence of a set of functions {ψi}i∈[k] that are continuous on
the interval [vmin, vmax]. For now, assume this claim holds. Then, we have

ALG
(︁
I(ϵ)v

)︁
= ALG

(︁
I(ϵ)vmin

)︁
+

k∑︂

i=1

∫︂ v

vmin

(η − ci) ·
[︂
ψi(η)− ψi(η − dη)

]︂
dη

= ALG
(︁
I(ϵ)vmin

)︁
+

k∑︂

i=1

∫︂ v

vmin

(η − ci) dψi(η).

Following from Eq. (2.4), if there exists an α-competitive algorithm, then there should exists a
set of functions {ψi}i∈[k] such that:

ALG
(︂
I(ϵ)v

)︂
= ALG

(︂
I(ϵ)vmin

)︂
+

k∑︂

i=1

∫︂ v

η=vmin

(η − ci) · dψ(η)

≥ 1

α
·
(︃
kv −

∑︂k

i=1
ci

)︃
, ∀v ∈ [vmin, vmax].

Now, let us get back to prove that a set of functions {ψi}i∈[k] exists corresponding to some online
algorithm, that all these functions are continuous within the range [vmin, vmax]. Let ALG be an α-
competitive algorithm. For some v ∈ (vmin, vmax) and i ∈ [k], let the function ψi(.) corresponding
to ALG be non-continuous at v. Let limx→v− ψi(v) = ν and ψi(v) = limx→v+ ψi(v) = ν+ δ, for some
δ > 0. Then the algorithm must be selling at least in expectation a δ-fraction of the i-th unit to
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the buyers with valuation v in instance I. Conversely, for ALG to be α-competitive, the expected
objective of the algorithm before the arrival of buyers with valuation v, ALG(I(ϵ)

v−), must be at least
equal to 1

α · OPT(I
(ϵ)
v−) = 1

α · OPT(I
(ϵ)
v ), where OPT(I(ϵ)v ) denotes the objective value of the offline

optimal algorithm on the hard instance I(ϵ) up to the end of stage-v. It can be seen that selling
in expectation at least a δ fraction of the i-th unit is unnecessary and ALG could save this fraction
of the unit and sell it to buyers with higher valuations. In other words, we can construct another
online algorithm, say ˆ︃ALG, that follows ALG up to the arrival of buyers with valuation v, but sells
the δ-fraction of the i-th unit to buyers with valuation strictly greater than v instead. It is easy
to see that ˆ︃ALG will obtain a better objective value with its ψ̂i being continuous at v. Lemma 2.1
follows by repeating the same process for any other discontinuous point of ψi(v).

A.4 Proof of Lemma 2.3

For any v ∈ [vmin, vmax], let us define Cv as follows:

Cv = Cvmin +
k∑︂

i=1

∫︂ v

η=vmin

(η − ci)dψα
i (η), ∀v ∈ (vmin, vmax],

Cvmin =
k∑︂

i=1

ψα
i (vmin) · (vmin − ci).

To prove Lemma 2.3, we need to first prove the feasibility of {ψ(α)
i }∀i∈[k], namely, Cv is greater than

1
α · (k · v −

∑︁
i ci) for all v ∈ [vmin, vmax].

For some v ∈ [vmin, vmax], based on the definition of χα(v) in Eq. (2.6), there exist a set of
functions {ψi(v)}∀i∈[k] that satisfy Eq. (2.5) and in the meanwhile, for some arbitrary small value
ϵ, we have:

χα(v) + ϵ ≥
k∑︂

i=1

ψi(v). (A.2)
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Next, using integration by parts, we have

Cv = Cvmin +
k∑︂

i=1

∫︂ v

η=vmin

(η − ci)dψα
i (η)

= Cvmin +
k∑︂

i=1

ψα
i (v) · (v − ci)−

k∑︂

i=1

ψα
i (vmin) · (vmin − ci)−

∫︂ v

η=vmin

(︄
k∑︂

i=1

ψα
i (η)

)︄
dη

=

k∑︂

i=1

ψα
i (v) · (v − ci)−

∫︂ v

η=vmin

(︄
k∑︂

i=1

ψα
i (η)

)︄
dη

= v ·
(︄

k∑︂

i=1

ψα
i (v)

)︄
−

k∑︂

i=1

ψα
i (v) · ci −

∫︂ v

η=vmin

(︄
k∑︂

i=1

ψα
i (η)

)︄
dη

= v · χα(v)−
k∑︂

i=1

ψα
i (v) · ci −

∫︂ v

η=vmin

χα(v)dη,

where the last equality follows the definition of {ψα
i }∀i∈[k] in Eq. (2.7). Thus, we have

Cv = v · χα(v)−
k∑︂

i=1

ψα
i (v) · ci −

∫︂ v

η=vmin

χα(v) · dη,

≥ v ·
k∑︂

i=1

ψi(v)− v · ϵ−
k∑︂

i=1

ψα
i (v) · ci −

∫︂ v

η=vmin

χα(v) · dη,

≥ v ·
k∑︂

i=1

ψi(v)−
∫︂ v

η=vmin

(︄
k∑︂

i=1

ψi(η)

)︄
· dη −

k∑︂

i=1

ψα
i (v) · ci − v · ϵ, (A.3)

where the first inequality follows Eq. (A.2) and the second inequality directly follows the definition
of χα(v) (recall that χα(v) ≤∑︁k

i=1 ψi(v) holds for all v ∈ [vmin, vmax]).

By the definition of {ψα
i }∀i∈[k], we have

∑︁
i∈[k] ψ

α
i (v) = χα(v). Putting together the inequality

χα(v) ≤∑︁k
i=1 ψi(v) and the fact that productions costs are increasing, we have

k∑︂

i=1

ψα
i (v) · ci ≤

k∑︂

i=1

ψi(v) · ci.

Putting together the above inequality and the right-hand-side of Eq. (A.3), it follows that:

Cv ≥ v ·
k−1∑︂

i=0

ψi(v)−
k−1∑︂

i=0

∫︂ v

η=vmin

ψi(η) · dη −
k−1∑︂

i=0

ψi(v) · ci+1 − v · ϵ

≥ ALG
(︂
I(ϵ)v

)︂
− v · ϵ,

where ALG is the online algorithm corresponding to the set of allocation functions {ψi}∀i∈[k] and
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recall that ALG(I(ϵ)v ) is defined as follows:

ALG
(︂
I(ϵ)vmin

)︂
=

k∑︂

i=1

ψi(vmin) · (vmin − ci),

ALG
(︂
I(ϵ)v

)︂
= ALG

(︂
I(ϵ)vmin

)︂
+

k∑︂

i=1

∫︂ v

η=vmin

(η − ci)dψi(η), ∀v ∈ [vmin, vmax].

Since {ψi}∀i∈[k] satisfy Eq. (2.5), it follows that

Cv ≥ ALG
(︂
I(ϵ)v

)︂
− v · ϵ

≥ 1

α
·
(︄
k · v −

k∑︂

i=1

ci

)︄
− v · ϵ, ∀v ∈ [vmin, vmax].

By setting ϵ→ 0, it follows that

Cv ≥
1

α
·
(︄
k · v −

k∑︂

i=1

ci

)︄
, ∀v ∈ [vmin, vmax].

To complete the proof of Lemma 2.3, we also need to prove that the above inequality holds as
an equality for the set of functions {ψα

i }∀i∈[k]. This can be proved by contradiction. Suppose that
at some point v ∈ [vmin, vmax], the above equality does not hold, then there must exist another set
of feasible functions, say {ψ̂i}∀i∈[k], induced by a new algorithm, say ˆ︃ALG, that satisfy Eq. (2.5) and

k∑︂

i=1

ψ̂i(v) <
k∑︂

i=1

ψα
i (v).

We argue that the new set of functions {ψ̂i}∀i∈[k] will allocate a smaller fraction of its total units
to buyers in I(ϵ) arriving at or before stage-v compared to {ψα

i }∀i∈[k]. However, by still following
the allocation functions {ψα

i }∀i∈[k], ˆ︃ALG(I
(ϵ)
v ) will be exactly equal to 1

α(k · v −
∑︁k

i=1 ci). Given the
definition of {ψα

i }∀i∈[k], we have
∑︁k

i=1 ψ
α
i (v) = χα(v), meaning that

∑︁k
i=1 ψ̂i(v) < χα(v). However,

this contradicts the definition of χα(v). We thus complete the proof of Lemma 2.3.
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A.5 Proof of Proposition 2.2

From Lemma 2.3, we know that {ψα
i (v)}∀i∈[k] satisfy Eq. (2.5) with an equality. Therefore, the set

of allocation functions {ψα
i (v)}∀i∈[k] is a solution to the following system of equations:

k∑︂

i=1

ψα
i (vmin) · (vmin − ci) +

k∑︂

i=1

∫︂ v

η=vmin

(η − ci)dψα
i (η)

=
1

α
· (k · v −

∑︂

i

ci), ∀i ∈ [k], v ∈ [vmin, vmax]. (A.4)

A‌lso, based on Lemma 2.4, we argue that if the value of the function ψα
i (v) is changing at some

value v ∈ [vmin, vmax] (i.e., dψα
i (v) ̸= 0), then the value of all the functions {ψ∗

j (v)}∀j∈[i−1] are equal
to one, and all the functions in the set {ψ∗

j (v)}j>i are equal to zero. Based on this property, we can
assign an interval [ℓi, ui] to each ψα

i (v). In the interval of [ℓi, ui], only the value of ψα
i changes while

the other functions {ψα
j }∀j ̸=i in that interval are fixed to be one or zero. Additionally, the following

relation exists between the start and end points of these intervals:

vmin = ℓ1 ≤ u1 = ℓ2 ≤ u2 ≤ · · · ≤ ℓk ≤ uk = vmax.

To satisfy the equality
∑︁

i∈[k] ψ
α
i (vmin) · (vmin − ci) = 1

α · (k · vmin −
∑︁

i ci), the set of functions
{ψα

i (v)}∀i∈[
¯
k−1] should be equal to one at the point v = vmin. Thus, the explicit design of the

functions {ψα
i }∀i∈[

¯
k−1] is as follows:

ψ
(α)
i (v) = 1, i = 1, . . . ,

¯
k − 1.

In the case that
∑︁

i∈[
¯
k] vmin− ci < 1

α · (k · vmin−
∑︁

i ci), to satisfy
∑︁

i∈[k] ψ
α
i (vmin) · (vmin− ci) =

1
α · (k · vmin −

∑︁
i ci), we need to have:

ψα

¯
k (vmin) =

∑︁
i∈[

¯
k−1](vmin − ci)− 1

α ·
∑︁

i∈[k](vmin − ci)
vmin − c

¯
k

= ξ.

Since for all v ∈ [ℓ
¯
k, u

¯
k] with ℓ

¯
k = vmin, only the value of ψα

¯
k (v) changes (i.e., dψα

i (v) = 0 for all
i ̸=

¯
k), it follows that:

k∑︂

i=1

ψα
i (vmin) · (vmin − ci) +

∫︂ v

η=vmin

(η − c
¯
k)dψ

∗
¯
k(η) =

1

α
· (k · v −

∑︂

i

ci), ∀v ∈ [ℓ
¯
k, u

¯
k].
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Taking derivative w.r.t. v from both sides of the equation above, we have

(v − c
¯
k) · dψ∗

¯
k(v) =

k

α
.

Solving the above differential equation leads to

ψ∗
¯
k(v) =

k

α
· ln(v − c

¯
k) +Q, ∀v ∈ [ℓ

¯
k, u

¯
k],

where Q is a constant. To find Q, since ψ∗
¯
k(vmin) = ξ, it follows that Q = ξ − k

α · ln(vmin − c
¯
k). As

a result, the explicit design of the function ψα

¯
k is as follows:

ψ
(α)

¯
k (v) =

⎧
⎨
⎩
ξ + k

α · ln
(︂

v−c
¯
k

vmin−c
¯
k

)︂
v ∈ [vmin, u

¯
k],

1 v > u
¯
k.

To obtain the value of u
¯
k, we set ψ∗

¯
k(u

¯
k) = 1 (the function ψ∗

¯
k reaches its maximum). Consequently,

it follows that:

u
¯
k = (vmin − c

¯
k) · e

α
k
·(1−ξ) + c

¯
k.

Using the same procedure as what has been applied to ψα

¯
k , for all the other functions {ψα

i (v)}∀i>
¯
k,

we have

k∑︂

j=1

ψ∗
j (vmin) · (vmin − cj) +

k∑︂

j=1

∫︂ v

η=vmin

(η − cj)dψα
i (v)

=
k∑︂

j=1

ψ∗
j (vmin) · (vmin − cj) +

∫︂ v

η=vmin

(η − ci)dψα
i (v), ∀v ∈ [ℓi, ui].

Taking derivative w.r.t. v from both sides of the equation above, it follows that:

(v − ci) · dψα
i (v) =

k

α
.

Solving the above differential equation leads to

ψα
i (v) =

k

α
· ln(v − ci) + Q̂, ∀v ∈ [ℓi, ui].
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Since ψ∗(ℓi) = 0, we have Q̂ = − ln(ℓi−ci). The explicit design of the function ψα
i is thus as follows:

ψ
(α)
i (v) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

0 v ≤ ℓi,
k
α · ln

(︂
v−ci
ℓi−ci

)︂
v ∈ [ℓi, ui],

1 v ≥ ui.

i =
¯
k + 1, . . . , k − 1

For the function ψα
k , since it is the last function, it follows that:

ψ
(α)
k (v) =

⎧
⎨
⎩
0 v ≤ ℓk,
k
α · ln

(︂
v−ck
ℓk−ck

)︂
v ∈ [ℓk, vmax],

By setting ψ∗(ui) = 1, it follows that:

ui = (ℓi − ci) · e
α
k + ci,

¯
k + 1 ≤ i ≤ k.

Putting everything together, Proposition 2.2 follows.

A.6 Full Proof of Theorem 2.2

In this subsection, we provide a complete proof of Theorem 5. We begin by introducing several
important notations and lemmas. Then, we break the problem into two independent subproblems
based on the buyers’ valuations in some arbitrary arrival instance I. For each case, we proceed to
show how to upper bound OPT(I), the objective of the offline optimal algorithm on I. We then
proceed to lower bound the expected performance of r-Dynamic-cost on that instance, ALG(I).
Ultimately, we combine everything and obtain a performance guarantee for r-Dynamic-cost under
all adversarially chosen instances of kSelection-cost for that subproblem.

Notations and Definitions

Consider an arbitrary arrival instance I = {vn}n∈[N ]. Recall that the random price vector P =

{P1, · · · , Pk} is generated using the pricing functions {ϕi}∀i∈[k] at the beginning of r-Dynamic-

cost. In the following, we will refer to Algorithm 1 as r-Dynamic-cost(P) to indicate that the
algorithm is executed with the random price vector being realized as P. Based on the design of
{ϕi}∀i∈[k] in Theorem 2.2, the first k∗ − 1 prices in P are all vmin’s (i.e., P1 = · · · = Pk∗−1 = vmin),
the k∗-th price Pk∗ is a random variable within [vmin, U

¯
k∗ ], and for all i ∈ {k∗ + 1, · · · , k}, we have

Pi ∈ [Li, Ui] (recall that Pi is also a random variable). Here, the values of
¯
k∗ and {[Li, Ui]}∀i are all

defined in Theorem 2.2.
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Let P denote the support of all possible values of the random price vector P:

P = {vmin}¯k
∗−1 × [vmin, U

¯
k∗ ]×

∏︂

i∈{
¯
k∗+1,··· ,k}

[Li, Ui].

Given a price vector realization P ∈ P, let W (P) represent the total number of items allocated by
r-Dynamic-cost(P) under the input instance I. Since P is a random variable, W (P) is also a
random variable. For clarity, we will sometimes omit the price vector and refer to it simply as W
whenever the context is clear.

Let ω denote the maximum value in the support of the random variable W (i.e., ω is the
maximum possible value of W (P) for all P ∈ P). Thus, ω is a deterministic value that depends only
on the input instance I. Furthermore, let π ∈ P be a price vector such that r-Dynamic-cost(π)

allocates the ω-th item earlier than any other price vector in the set P. That is, for all P ∈ P,
r-Dynamic-cost(P) allocates the ω-th item no earlier than that of r-Dynamic-cost(π).

Let us define the set {(νi, τi)}∀i∈[ω] so that τi is the arrival time of the buyer in the instance
I to whom r-Dynamic-cost(π) allocates the i-th unit and νi is its valuation. Note that for all
i ∈ {1, · · · , ω}, τi and νi are deterministic values once π and I are given.

We can derive the following inequality regarding νi:

νi ≥ Li, ∀i ∈ [ω], (A.5)

where Li is the lower bound for the range of the pricing function ϕi, used to generate the random
price for the i-th unit. This inequality holds since the buyer arriving at time τi accepts the price
posted for the i-th unit by r-Dynamic-cost. The price for the i-th unit is at least equal to Li

based on the design of the pricing functions ϕi.

Let the random variableW τω(P) denote the total number of items allocated by r-Dynamic-cost(P)

after the arrival of buyer τω in the instance I. The lemma below shows that the random variable
W τω(P) is always lower bounded by ω − 1.

Lemma A.1. Given an arbitrary instance I, W τω(P) ≥ ω − 1 holds for all P ∈ P.

Proof. If ω = 1, this lemma is trivial, so we consider the case where ω ≥ 2. Suppose before
the arrival of the buyer at time τ2, no items have been sold. From Eq. (A.5), we know that
ν2 ≥ L2. Additionally, based on the design of the pricing functions ϕ1(.) and ϕ2(.), we have
L2 ≥ U1. Consequently, it follows that ν2 ≥ U1. Since the realized price for the first unit under
any sampled price vector will be at most U1 (based on design of the pricing function ϕ1), the buyer
arriving at time τ2 will accept the price for the first unit, and the algorithm will sell the first item.
Thus, for all possible price vector P, the value of the random variable W τ2(P) is at least equal to
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one. By the same reasoning, if before the arrival of the buyer at time τ3, only one item has been
sold, the buyer arriving at τ3 will accept the price for the second unit, regardless of its price, and
the total number of items sold by r-Dynamic-cost will increase to two. This reasoning can be
extended to the time τω. As a result, after the arrival of the buyer at time τω, r-Dynamic-cost

sells at least ω − 1 units and thereby the claim in the lemma follows.

Lemma A.1 implies that the support of the random variable W τω consists only of two values:
ω − 1 and ω. This greatly simplifies the analysis of the algorithm.

The following two lemmas help us lower bound the expected performance of r-Dynamic-cost

under the input instance I and upper bound the objective of the offline optimal algorithm given
the instance I, respectively.

Lemma A.2. If a buyer in instance I arrives before time τω with a valuation within [Lω, vmax],
then for all P ∈ P, r-Dynamic-cost(P) will allocate one unit of the item to that buyer.

Proof. According to the definition of π, τω is the earliest time across all possible price vectors in
P that the production level exceeds ω − 1, causing the posted price to exceed Uω−1. Thus, for all
possible realizations of P, the posted prices by r-Dynamic-cost remain below Uω−1 before the
arrival of buyer at time τω. Consequently, when a buyer with a valuation within [Lω, vmax] arrives
before time τω, the buyer accepts the price posted to him (since Lω ≥ Uω−1) and a unit of item will
thus be allocated to this buyer.

Lemma A.3. There are no buyers in instance I with a valuation within [Uω, vmax] arriving after
time τω, namely, the valuations of all buyers arriving after τω are less than Uω.

Proof. If there exists a buyer with a valuation larger than Uω arriving after the time τω, then there
must exist a price vector in P, say P′, such that the number of units sold by r-Dynamic-cost(P′)

will exceed ω. This contradicts the definition of ω. Thus, the lemma follows.1

Given an instance I, let the set B ⊆ I contain the highest-valued buyers that the offline optimal
algorithm selects. We further divide B into two subsets: B1 and B2. B1 comprises the highest-valued
buyers up to time τω, while B2 includes the remaining buyers in B who arrive at or after time τω.
Let us further partition B1 into two subsets: B1,1 and B1,2. Here, B1,1 consists of buyers in B1 with
valuations at least Lω, and B1,2 = B1 \ B1,1 comprises those with valuations strictly less than Lω.

For the rest of the analysis, let us study the problem for two separate cases that may occur
depending on the instance I.

1In fact, such a price vector P′ for the initial ω units should have the same prices as the vector π and for the
(i+ 1)-th unit, P′ should be equal to Uω (i.e., P ′

i+1 = Uω).

83



Case 1: Buyer τω Has the Highest Valuation

In this case, in the set B2, no buyer has a valuation greater than Uω−1 except for the buyer at time
τω. Therefore, the buyer at time τω possesses the highest valuation in the instance I.

Bound OPT from Above for Case 1. The following upper bound can be derived for OPT(I),
which denotes the objective value of the offline optimal algorithm on instance I:

OPT(I) = V (B1) + V (B2)−
|B|∑︂

i=1

ci

≤ V (B1) + (|B2| − 1) · Uω−1 + ντω −
|B|∑︂

i=1

ci

= V (B1,1) + V (B1,2) + (|B2| − 1) · Uω−1 + ντω −
|B|∑︂

i=1

ci

≤ (k − 1) · Uω−1 + (V (B1,1)− |B1,1| · Uω−1) + ντω −
k∑︂

i=1

ci,

where the first inequality directly follows the condition of Case 1. The second inequality follows
the definition of B1,1 and B1,2. Finally, the third inequality follows the fact that we only focus on
the case when ck < vmin.

Bound ALG from Below for Case 1. Moving forward, we focus on establishing a lower bound
on the performance of r-Dynamic-cost under the arrival instance I. Let the random variables
{Xi}∀i∈[k] represent the value obtained by r-Dynamic-cost from allocating the i-th unit of the
item. Given the input instance I, let E[ALG(I)] denote the expected performance of r-Dynamic-

cost. Therefore, we have:

E[ALG(I)] = E

[︄
k∑︂

i=1

(Xi − ci) · 1{i-th item is sold under price vector P}

]︄
,

≥
ω−1∑︂

i=1

E[Xi − ci]

=

ω−1∑︂

i=1

E[Xi]−
ω−1∑︂

i=1

ci

≥
ω−1∑︂

i=1

∫︂ 1

0
ϕi(η)dη + (V (B1,1)− |B1,1| · Uω−1)−

ω−1∑︂

i=1

ci.

84



In the equations above, all expectations are taken with respect to the randomness of the price vector
P. The first inequality follows Lemma A.1, indicating that under any price vector P, r-Dynamic-

cost sells at least ω−1 units. The first term in the second inequality follows due to the independent
sampling used to set the price of the i-th unit using the pricing function ϕi, and the second term
follows Lemma A.2.

Let us define ψi(v) = sup{s : ϕi(s) ≤ v} for all i ∈ [k]. From the definition of {ϕi}∀i∈[k] in
Theorem 2.2, it follows that:

E[ALG(I)]

≥
ω−1∑︂

i=1

∫︂ 1

0
ϕi(η)dη −

ω−1∑︂

i=1

ci + (V (B1,1)− |B1,1| · Uω−1)

=
ω∑︂

i=1

ψi(vmin) · (vmin − ci+1) +
ω−1∑︂

i=1

∫︂ Uω−1

η=vmin

(η − ci+1)dψi(η) +
(︁
V (B1,1)− |B1,1| · Uω−1

)︁
.

Furthermore, it is evident that based on the design of {ϕi}∀i∈[k] with α = α∗
S(k), the set of functions

{ψi(v)} follows the same design as {ψα
i (v)} given in Proposition 2.2. As a result, it follows that:

k∑︂

i=1

ψi(vmin) · (vmin − ci+1) +
ω−1∑︂

i=1

∫︂ Uω−1

η=vmin

(η − ci+1)dψi(η) + (V (B1,1)− |B1,1| · Uω−1)

≥ 1

α∗
S(k)

·
(︄
k · Uω−1 −

∑︂

i

ci

)︄
+ (V (B1,1)− |B1,1| · Uω−1) .

Putting Everything Together for Case 1. Putting together the lower bound and upper bound
derived for the expected objective value of r-Dynamic-cost and the offline optimal algorithm, it
follows that:

OPT(I)
E[ALG(I)] ≤

(k − 1) · Uω−1 + ντω + (V (B1,1)− |B1,1| · Uω−1)−
∑︁k

i=1 ci
1

α∗
S(k)
· (k · Uω−1 −

∑︁
i ci) + (V (B1,1)− |B1,1| · Uω−1)

≤ (k − 1) · Uω−1 + ντω −
∑︁k

i=1 ci
1

α∗
S(k)
· (k · Uω−1 −

∑︁
i ci)

= α∗
S(k) ·

(︃
1 +

ντω − Uω−1

k · Uω−1 − C

)︃

≤ α∗
S(k) ·

(︃
1 +

Uω − Uω−1

k · Uω−1 − C

)︃

≤ α∗
S(k) · e

α∗
S (k)

k .
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In the equation above, the last inequality is due to the fact that Uω−Uω−1

Uω−1−cω
= Uω−cω

Uω−1−cω
−1 ≤ 1+e

α∗
S (k)

k ,
where the last inequality follows the design in Eq. (2.10).

Case 2: Buyer τω Does Not Have the Highest Valuation

In the set of buyers B2, there are other buyers with valuation greater than Uω−1 besides the buyer
at time τω. Let λ denote the value of the highest buyer in B2 along with the value of buyer at time
τω. First, let us consider the case that λ ≤ ντω . The proof for the case that λ > ντω follows exactly
the same as the following case.

Bound OPT from Above for Case 2. Following the same approach as the previous Case 1, let
us first upper bound the objective of the offline optimal algorithm on instance I:

OPT(I) = V (B1) + V (B2)−
|B|∑︂

i=1

ci

≤ V (B1) + (|B2| − 1) · λ+ ντω −
|B|∑︂

i=1

ci

≤ V (B1,1) + V (B1,2) + (|B2| − 1) · λ+ ντω −
|B|∑︂

i=1

ci

≤ (k − 1) · λ+ ντω + (V (B1,1)− |B1,1| · Uω−1)−
k∑︂

i=1

ci.

Bound ALG from Below for Case 2. To establish a lower bound on the performance of r-

Dynamic-cost in this case, let us consider the following lemma:

Lemma A.4. If the random price of the ω-th unit is realized to be less than λ and further assume
that λ ≤ ντω , then the number of items allocated by r-Dynamic-cost in the end is equal to ω.

Proof. Under any price realization, as established by Lemma A.1, it is proven that after the arrival
of the buyer at time τω, the number of allocated units is at least ω− 1. If the price of the ω-th unit
is realized to be less than λ, then upon the arrival of the buyer with valuation λ at some time after
τω, the buyer will accept the price if the ω-th unit has not already been sold.
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Next, we obtain a lower bound on the performance of r-Dynamic-cost as follows:

E[ALG(I)]

= E

[︄
k∑︂

i=1

(Xi − ci) · 1{i-th item is sold under pricie vector P}

]︄

≥
ω−1∑︂

i=1

E[Xi − ci] + E[Xω − cω|Pω ≤ λ]

≥
ω−1∑︂

i=1

∫︂ 1

0
ϕi(η)dη +

∫︂ ϕ−1
ω (λ)

0
ϕω(η)dη − ϕ−1

ω (λ) · cω −
ω−1∑︂

i=1

ci + (V (B1)− |B1| · Uω−1).

In the equations above, all expectations are taken with respect to the randomness of the price
vector P ∈ P. The first inequality follows Lemma A.4, where Pω denotes the ω-th element of the
random price vector P that r-Dynamic-cost posts for the ω-th unit. The second inequality is
true because of the independent sampling that is used to set the random price of the i-th unit using
ϕi and Lemma A.2.

Let us define ψi(v) = sup{s : ϕi(s) ≤ v}, i ∈ [k]. From the definition of {ϕi}i∈[k] in Theorem
2.2, it follows that:

ω−1∑︂

i=1

∫︂ 1

0
ϕi(η)dη +

∫︂ ϕ−1
ω (λ)

0
ϕω(η)dη − ϕ−1

ω (λ) · cω −
ω−1∑︂

i=1

ci + (V (B1)− |B1| · Uω−1)

=
k∑︂

i=1

ψi(vmin) · (vmin − ci) +
ω∑︂

i=1

∫︂ λ

η=vmin

(η − ci)dψi(η) + (V (B1)− |B1| · Uω−1).

Furthermore, it is evident that the set of functions {ψi(v)}∀i∈[k] follows the same design as {ψα
i (v)}i∈[k]

given in Lemma 2.2 (recall that {ψα
i (v)}i∈[k] are based on {ϕi}∀i∈[k]). As a result, it follows that:

k∑︂

i=1

ψi(vmin) · (vmin − ci) +
ω∑︂

i=1

∫︂ λ

η=vmin

(η − ci)dψi(η) + (V (B1)− |B1| · Uω−1)

≥ 1

α∗
S(k)

·
(︄
k · λ−

∑︂

i

ci

)︄
+ (V (B1)− |B1| · Uω−1).

87



Putting Everything Together for Case 2. Putting together the above lower and upper bounds,
it follows that:

OPT(I)
E[ALG(I)] ≤

(k − 1) · λ+ ντω + (V (B1)− |B1| · Uω−1)−
∑︁k

i=1 ci
1

α∗
S(k)
·
(︂
k · λ−∑︁k

i=1 ci

)︂
+ (V (B1)− |B1| · Uω−1)

≤ (k − 1) · λ+ ντω −
∑︁k

i=1 ci
1

α∗
S(k)
·
(︂
k · λ−∑︁k

i=1 ci

)︂

= α∗
S(k) ·

(︃
1 +

ντω − λ
k · λ− C

)︃

≤ α∗
S(k) ·

(︃
1 +

Uω − Uω−1

k · Uω−1 − C

)︃

≤ α∗
S(k) · e

α∗
S (k)

k .

We thus complete the proof of Theorem 2.2.

A.7 Proof of Corollary 2.1

In this subsection, we prove that for an arbitrary instance I, the expected performance of r-

Dynamic-cost, denoted as E[ALG(I)], is at least OPT(I)
α∗
S(2)

.

Let v∗1, v∗2 denote the two highest valuations in the instance I (we omit the proof for the trivial
case with only one buyer in I). Depending on the values of v∗1 and v∗2, the following three cases
occur. In each scenario, we prove that E[ALG(I)] ≥ OPT(I)

α∗
S(2)

=
v∗1+v∗2−c1−c2

α∗
S(2)

holds.

Case I: v∗1 ≤ v∗2 ≤ U1. Let random variables X1 and X2 denote the valuations of the buyers
that purchase the first and second unit of the item, respectively. Then, it follows that

E[ALG(I)] = Es∼U2(0,1)[X1 +X2 − c1 − c2]

≥
∫︂ ϕ−1

1 (v∗1)

s1=0
(ϕ1(s1)− c1) · ds1 + (v∗2 − c1) · (ϕ−1

1 (v∗2)− ϕ−1
1 (v∗1)),

≥
∫︂ ϕ−1

1 (v∗1)

s1=0
(ϕ1(s1)− c1) · ds1 +

∫︂ ϕ−1
1 (v∗2)

s1=ϕ−1
1 (v∗1)

(ϕ1(s1)− c1) · ds1

=

∫︂ ϕ−1
1 (v∗2)

s1=0
(ϕ1(s1)− c1) · ds1

≥v
∗
1 + v∗2 − c1 − c2

α∗
S(2)

=
OPT(I)
α∗
S(2)

,
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where the first two terms in the first inequality arise from the fact that if the realized price for the
first unit of the item, denoted as P1 = ϕ1(s1), is set below v∗1, then in the worst-case scenario, the
value obtained from the first item will be at least equal to ϕ1(s1). The subsequent two terms are
included because if the price for the first item falls within the range from v∗1 to v∗2, then the first
item is allocated to the buyer whose valuation is v∗2. The second inequality follows since ϕ1(s1) is
a non-decreasing function. The third inequality follows from the design of ϕ1(s1) in Theorem 2.1.

Case II: v∗1 ≤ U1 = L2 ≤ v∗2 ≤ vmax. In this case, we have

E[ALG(I)]
= Es∼U2(0,1)[X1 − c1] + Es∼U2(0,1)[X2 − c2]

≥
∫︂ ϕ−1

1 (v∗1)

s1=0
(ϕ1(s1)− c1)ds1 + (v∗2 − c1) · (1− ϕ−1

1 (v∗1)) + (v∗2 − c2) · ϕ−1
1 (v∗1) · ϕ−1

2 (v∗2)

=
2 · v∗1 − c1 − c2

α∗
S(2)

+ (v∗2 − c1) · (1− ϕ−1
1 (v∗1)) + (v∗2 − c2) · ϕ−1

1 (v∗1) · ϕ−1
2 (v∗2).

To prove E[ALG(I)] ≥ OPT(I)
α∗
S(2)

=
v∗1+v∗2−c1−c2

α∗
S(2)

, we define the following function

G(v∗1, v
∗
2) =

2 · v∗1 − c1 − c2
α∗
S(2)

+ (v∗2 − c1) · (1− ϕ−1
1 (v∗1))+

(v∗2 − c2) · ϕ−1
1 (v∗1) · ϕ−1

2 (v∗2)−
v∗1 + v∗2 − c1 − c2

α∗
S(2)

.

Then the goal is to prove G(v∗1, v∗2) ≥ 0 in its domain vmin ≤ v∗1 ≤ U1 and L2 ≤ v∗2 ≤ vmax. The
proposition below formally states this result.

Proposition A.1. For all v∗1 ∈ [L1, U1] and v∗2 ∈ [L2, U2], we have G(v∗1, v
∗
2) ≥ 0.

We deferred the proof of the above proposition to Appendix A.8. The idea is to simply prove
that G(v∗1, v∗2) ≥ 0 holds at all extreme points within its domain.

Case III: L2 ≤ v∗1 ≤ v∗2. In this case, we show that we can lower bound the expected perfor-
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mance of r-Dynamic-cost as follows:

E[ALG(I)]
= Es∼U2(0,1)[X1 − c1] + Es∼U2(0,1)[X2 − c2]

≥
∫︂ 1

s1=0
(ϕ1(s1)− c1) · ds1 +

∫︂ ϕ−1
2 (v∗1)

s2=0
(ϕ2(s2)− c2) · ds2 + (v∗2 − c2) · (ϕ−1

2 (v∗2)− ϕ−1
2 (v∗1))

≥
∫︂ 1

s1=0
(ϕ1(s1)− c1) · ds1 +

∫︂ ϕ−1
2 (v∗1)

s2=0
(ϕ2(s2)− c2) · ds2 +

∫︂ ϕ−1
2 (v∗2)

s2=ϕ−1
2 (v∗1)

(ϕ2(s2)− c2) · ds2

=

∫︂ 1

s1=0
(ϕ1(s1)− c1) · ds1 +

∫︂ ϕ−1
2 (v∗2)

s2=0
(ϕ2(s2)− c2) · ds2

=
2 · U1 − c1 − c2

α∗
S(2)

+

∫︂ ϕ−1
2 (v∗2)

s2=0
(ϕ2(s2)− c2) · ds2

=
2 · v∗2 − c1 − c2

α∗
S(2)

≥OPT(I)
α∗
S(2)

,

where the first term in the first inequality arises from the fact that if the realized price for the first
unit of the item, denoted as P1 = ϕ1(s1), is set below L2, then in the worst-case scenario, the value
obtained from the first item will be at least equal to ϕ1(s1). The second and third terms follow the
same reasoning. The second inequality follows the fact that ϕ2(s2) is non-decreasing. The third
and forth equalities follow the design of ϕ1(s1) and ϕ2(s2) in Theorem 2.1.

Combining the analysis of the above three cases, Corollary 2.1 follows.

A.8 Proof of Proposition A.1

We first evaluate the value of G(v∗1, v∗2) at its critical points, that is, at the points where ∂G(v∗1 ,v
∗
2)

∂v∗1
= 0

and ∂G(v∗1 ,v
∗
2)

∂v∗2
= 0, and show that G(v∗1, v∗2) ≥ 0 holds at these critical points. After that, the

proposition follows by evaluating the values of G(v∗1, v∗2) at the four boundary hyperplanes of its
domain.

First, let us compute ∂G(v∗1 ,v
∗
2)

∂v∗1
. It follows that:

∂G(v∗1, v
∗
2)

∂v∗1
=

1

α∗
S(2)

− 2

α∗
S(2)

· v
∗
2 − c1
v∗1 − c1

+
2

α∗
S(2)

· v
∗
2 − c2
v∗1 − c1

· ϕ−1
2 (v∗2).
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Setting the right-hand side of the above equation to zero, we have

ϕ−1
2 (v∗2) · (v∗2 − c2) = v∗2 − c1 −

v∗1 − c1
2

.

Using the equation above, we then compute G(v∗1, v∗2) at the points that ∂G(v∗1 ,v
∗
2)

∂v∗1
= 0, it follows

that:

G(v∗1, v
∗
2) =

v∗1 − v∗2
α∗
S(2)

+ (v∗2 − c1) · (1− ϕ−1
1 (v∗1)) + (v∗2 − c1 −

v∗1 − c1
2

) · ϕ−1
1 (v∗1)

=
v∗1 − v∗2
α∗
S(2)

+ (v∗2 − c1)−
v∗1 − c1

2
· ϕ−1

1 (v∗1)

≥v
∗
1 − v∗2
α∗
S(2)

+ (v∗2 − c1)−
v∗1 − c1

2

=v∗1 ·
(︃

1

α∗
S(2)

− 1

2

)︃
+ v∗2 ·

(︃
1− 1

α∗
S(2)

)︃
− c1

2

≥v
∗
1 − c1
2

>0,

leading to the conclusion that G(v∗1, v∗2) ≥ 0 holds at its critical points.

Next, we consider the boundary hyperplanes and prove that G(v∗1, v∗2) is positive in all four
boundary planes given below:

• G(L1, v
∗
2), ∀v∗2 ∈ [L2, U2].

• G(U1, v
∗
2), ∀v∗2 ∈ [L2, U2].

• G(v∗1, L2), ∀v∗1 ∈ [L1, U1].

• G(v∗1, U2), ∀v∗1 ∈ [L1, U1].

We start with the first one G(L1, v
∗
2):

G(L, v∗2) =
2 · L− c1 − c2

α∗
S(2)

+ (v∗2 − c2)−
L+ v∗2 − c1 − c2

α∗
S(2)

=(v∗2 − c2)−
v∗2 − L
α∗
S(2)

≥0, ∀L2 ≤ v∗2 ≤ U2,

where the equations above follow since L ≥ c2 holds (the assumption that the marginal production
costs are always less than the valuations).

91



For the second one G(U1, v
∗
2):

G(U1, v
∗
2) =

2 · U1 − c1 − c2
α∗
S(2)

+ (v∗2 − c2) · ϕ−1
2 (v∗2)−

U1 + v∗2 − c1 − c2
α∗
S(2)

=(v∗2 − c2) · ϕ−1
2 (v∗2)−

v∗2 − U1

α∗
S(2)

≥0, ∀L2 ≤ v∗2 ≤ U2 = vmax.

The equations above follow since (v∗2 − c2) · ϕ−1
2 (v∗2) ≥

∫︁ ϕ−1
2 (v∗2)

s2=0 (ϕ2(s2)− c2) · ds2 ≥ 2 · v
∗
2−U1

α∗
S(2)

based
on the definition of ϕ2(s).

For the third one G(v∗1, L2):

G(v∗1, L2) =
2 · v∗1 − c1 − c2

α∗
S(2)

+ (L2 − c1) · ϕ−1
1 (v∗1)−

v∗1 + L2 − c1 − c2
α∗
S(2)

=(L2 − c1) · (1− ϕ−1
1 (v∗1))−

L2 − v∗1
α∗
S(2)

≥0, ∀L1 ≤ v∗1 ≤ U1,

where the above equation follows since (L2 − c1) · (1 − ϕ−1
1 (v∗1)) ≥

∫︁ ϕ−1
1 (L2)

s1=ϕ−1
1 (v∗1)

(ϕ1(s1) − c1) · ds1 ≥
2 · L2−v∗1

α∗
S(2)

(based on the definition of ϕ1(s)).

Finally, for the last one G(v∗1, U2):

G(v∗1, U2) =
2 · v∗1 − c1 − c2

α∗
S(2)

+ (U2 − c1) · (1− ϕ−1
1 (v∗1)) + (U2 − c2) · ϕ−1

1 (v∗1)−
v∗1 + U2 − c1 − c2

α∗
S(2)

≥(U2 − c2)−
U2 − v∗1
α∗
S(2)

≥0, ∀L = L1 ≤ v∗1 ≤ U1,

where the equations above follow since v∗1 ≥ c2 holds (again, the assumption that the marginal
production costs are always less than the valuations).

Combining all the above analysis, we thus complete the proof of Proposition A.1.
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A.9 Extension of the Lower Bound Results to General Production
Cost Functions

In this subsection, we extend our lower bound result in Theorem 2.1, originally developed for the
high-value case,2 to general cumulative production cost functions.

Before presenting the main theorem on obtaining a lower bound for general cost functions, let us
introduce some notations. Define f∗(v) : [vmin, vmax]→ R as the conjugate of the total production
cost function, where f∗(v) = maxi∈[k]

(︁
v · i− f(i)

)︁
. Additionally, let g(v) be defined as

g(v) = (f∗)′(v) =
∑︂

i∈[k]

1{v≥ci},

where 1{A} is the standard indicator function. Let
¯
k denote the smallest natural number such that:

¯
k∑︂

i=1

(vmin − ci) >
1

α
· f∗(vmin).

Following Theorem 2.1, we also define ξ as follows:

ξ =
1
α · f∗(vmin)−

∑︁
¯
k−1
i=1 (vmin − ci)

vmin − c
¯
k

.

Theorem A.1 below extends our lower bound results to settings with general cost functions.

Theorem A.1. Given S = {vmin, vmax, f} for the kSelection-cost problem with k ≥ 1 and
general production cost functions f , no online algorithm, including those with randomization, can
achieve a competitive ratio smaller than α∗

S(k), where α∗
S(k) is the solution to the following system

of equations of α:
∫︂ u

¯
k

η=vmin

g(η)

α · (η − c
¯
k)
dη = 1− ξ, (A.6)

∫︂ u
¯
i

η=ℓi

g(η)

α · (η − ci)
dη = 1, ui = ℓi+1, i =

¯
k + 1, . . . , k, (A.7)

uk = vmax. (A.8)

Proof. The proof proceeds similarly to the proof of Theorem 2.1 until the derivation of Eq. (2.5).
Given the arrival instance I(ϵ) up to the end of stage-v, the objective of the offline optimal algorithm

2This corresponds to the case when ck < vmin, or equivalently, the lowest possible valuation vmin is no less than
the highest marginal production cost ck.

93



equals f∗(v). Therefore, we reformulate Eq. (2.4) as follows:

ALG
(︂
I(ϵ)v

)︂
≥ 1

α
· f∗(v), ∀v ∈ [vmin, vmax].

In the case of general production cost functions, we derive the following inequality to capture the
production level changes of an α-competitive algorithm:

k∑︂

i=1

ψi(vmin) · (vmin − ci) +
k∑︂

i=1

∫︂ v

η=vmin

(η − ci)dψi(η) ≥
1

α
· f∗(v). (A.9)

In addition, we define α∗
S(k) as follows:

α∗
S(k) = inf

{︂
α ≥ 1

⃓⃓
there exist a set of k allocation

functions {ψi(v)}∀i∈[k] ∈ Ω that satisfy Eq. (A.9)
}︂
.

From this point onward, the proof continues in the same manner as the proof of Theorem 2.1.
Let us define the function χα(v) : [vmin, vmax] → [0, k] and the set of functions {ψα

i (v)}i∈[k] as
specified in Eq. (2.6) and Eq. (2.2). Consequently, Lemma 2.3 holds as long as we have increasing
marginal production costs (i.e., diseconomies of scale) and Lemma 2.4 that follows the definition of
{ψα

i (v)}i∈[k] holds in this case as well.

The primary distinction between the two proofs arises in the following proposition, which gives
an explicit design of the function {ψα

i }∀i∈[k] by replacing the inequality with an equality in Eq.
(A.9).

Proposition A.2. For any α ≥ α∗
S(k), there exist a unique set of functions {ψα

i (v)}∀i∈[k] that
satisfy Eq. (A.9) with an equality:

ψα
i (v) = 1, ∀v ∈ [vmin, vmax], 1 ≤ i ≤

¯
k − 1,

ψα

¯
k (v) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

0 v ≤ ℓ
¯
k,

ξ +
∫︁ v
η=vmin

g(η)
α·(η−ci)

dη, v ∈ [vmin, u
¯
k],

1 v ≥ u
¯
k,

ψα
i (v) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

0 v ≤ ℓi,
∫︁ v
η=ℓi

g(η)
α·(η−ci)

dη, v ∈ [ℓi, ui],

1 v ≥ ui,
i =

¯
k + 1, . . . , k − 1,

ψα
k (v) =

⎧
⎨
⎩
0 v ≤ ℓk,
∫︁ v
η=ℓk

g(η)
α·(η−ck)

dη, v ∈ [ℓk, vmax],
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where the intervals are specified by:
∫︂ u

¯
k

η=vmin

g(η)

α · (η − c
¯
k)
dη = 1− ξ, (A.10)

∫︂ u
¯
i

η=ℓi

g(η)

α · (η − ci)
dη = 1, ui = ℓi+1, ∀i =

¯
k + 1, . . . , k. (A.11)

In the proposition above, for any given α ≥ α∗
S(k), the values of ui and ℓi can be determined.

We begin by solving Eq. (A.10) to find the value of u
¯
k, and then proceed to find the value of other

variables {ui}∀i using Eq. (A.11).

Based on the above proposition, as the value of α decreases, the value of uk also decreases.
Again, following the same reasoning as the proof of Theorem 2.1, the lower bound α∗

S(k) is the
value of α for which uk computed above is equal to vmax. We thus complete the proof of Theorem
A.1.

A.10 Extension of the Upper Bound Results to General Production
Cost Functions

In this subsection, we extend the randomized dynamic pricing scheme r-Dynamic-cost, originally
developed for the high-value case, to general cumulative production cost functions.

Theorem A.2. Given S = {vmin, vmax, f} for the kSelection-cost problem with k ≥ 1, r-

Dynamic-cost (Algorithm 1) is maxi∈[k] α
∗
S(k) ·

(︂
1 + Ui−ci

f∗(Ui−1)

)︂
-competitive for the following design

of the pricing functions {ϕi}∀i∈[k], where α∗
S(k) is the lower bound obtained in Theorem A.1:

ϕi(s) = vmin, ∀s ∈ [0, 1], i ∈ [
¯
k∗ − 1],

ϕ
¯
k∗(s) =

⎧
⎨
⎩
vmin s ∈ [0, ξ∗],

ψ−1

¯
k∗ (s) s ∈ (ξ∗, 1],

ϕi(s) = ψ−1
i (s), ∀s ∈ [0, 1], i =

¯
k∗ + 1, . . . , k,

where the set of functions {ψi(v)}∀i∈{
¯
k∗,··· ,k} are defined as follows:

ψ
¯
k∗(v) = ξ∗ +

∫︂ v

η=vmin

g(η)

α · (η − ci)
dη, ∀v ∈ [vmin, U

¯
k∗ ],

ψi(v) =

∫︂ v

η=ℓi

g(η)

α · (η − ci)
dη, ∀v ∈ [Li, Ui], i =

¯
k∗ + 1, . . . , k;

the parameters
¯
k∗ and ξ∗ are respectively the values of

¯
k and ξ defined in Appendix A.9, correspond-
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ing to α = α∗
S(k), and the price intervals {[Li, Ui]}∀i∈[k] are given as follows:

∫︂ U
¯
k∗

η=vmin

g(η)

α · (η − c
¯
k)
dη = 1− ξ,

∫︂ Ui

η=Li

g(η)

α · (η − ci)
dη = 1, ui = ℓi+1, ∀i =

¯
k∗ + 1, . . . , k.

Proof. The proof will follow the same process as the proof in Appendix A.6. So we only provide a
brief proof sketch.

Consider an arbitrary arrival instance I = {vn}n∈[N ]. Recall that the random price vector
P = {P1, · · · , Pk} is generated using the pricing functions {ϕi}∀i∈[k] at the beginning of r-Dynamic-

cost. Let us define the random variable W (P), the variable ω and the price vector π, the set
{νi, τi}∀i∈[ω], and W τω(P) in the same fashion as in Appendix A.6.

Following the same reasoning, the property in Eq. (A.5) can be derived for {νi}∀i∈[ω], and the
lemmas A.1, A.2, and A.3 follow as well.

We also define B ⊆ I, as before, to be the set of highest-valued buyers to whom the offline
optimal algorithm allocates a unit of the item in instance I. We further divide B into two subsets:
B1 and B2, as done in the previous proof. Additionally, we partition B1 into two subsets: B1,1 and
B1,2, as before.

We continue our analysis for two separate cases that can arise depending on the instance I.
In this proof, we only provide the proof for the first case and the proof of the second case follows
similarly as Appendix A.6.

Case 1: In this case, no buyer in B2 has a valuation greater than Uω−1 except for the buyer
at time τω. Therefore, the buyer at time τω possesses the highest valuation in instance I. The
following upper bound can be derived for OPT(I), which denotes the objective value of the offline
optimal algorithm:

OPT(I) = V (B1) + V (B2)−
|B|∑︂

i=1

ci

≤ V (B1) + (|B2| − 1) · Uω−1 + ντω −
|B|∑︂

i=1

ci

= V (B1,1) + V (B1,2) + (|B2| − 1) · Uω−1 + ντω −
|B|∑︂

i=1

ci

≤ (k − 1) · Uω−1 + (V (B1,1)− |B1,1| · Uω−1) + ντω −
k∑︂

i=1

ci,
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where the first inequality follows the condition of Case 1. The second inequality follows the
definition of the sets B1,1 and B1,2. Finally, the third inequality follows since based on definition of
f∗, we have (|B1,1|+ |B1,2|+ |B2| − 1) · Uω−1 −

∑︁|B|−1
i=1 ci ≤ f∗(Uω−1).

Moving forward, we can lower bound the expected performance of r-Dynamic-cost under I,
denoted by E[ALG(I)], using the same approach as before.

E[ALG(I)] ≥
ω−1∑︂

i=1

∫︂ 1

0
ϕi(η)dη + (V (B1,1)− |B1,1| · Uω−1)−

ω−1∑︂

i=1

ci.

Based on the definition of {ϕi}∀i∈[k], we have:

E[ALG(I)] ≥
ω−1∑︂

i=1

∫︂ 1

0
ϕi(η)dη −

ω−1∑︂

i=1

ci + (V (B1,1)− |B1,1| · Uω−1)

=

k∑︂

i=1

ψi(vmin) · (vmin − ci) +
ω−1∑︂

i=1

∫︂ Uω−1

η=vmin

(η − ci)dψi(η) + (V (B1,1)− |B1,1| · Uω−1).

Furthermore, based on the design of {ψi(v)}∀i∈[k] in Theorem A.2, we have

k∑︂

i=1

ψi(vmin) · (vmin − ci) +
ω−1∑︂

i=1

∫︂ Uω−1

η=vmin

(η − ci)dψi(η) + (V (B1)− |B1| · Uω−1)

≥ 1

α∗
S(k)

f∗(Uω−1) + (V (B1)− |B1| · Uω−1).

Putting together the above lower and upper bounds, it follows that:

OPT(I)
E[ALG(I)] ≤

f∗(Uω−1) + (V (B1,1)− |B1,1| · Uω−1) + ντω − cω
1

α∗
S(k)

f∗(Uω−1) + (V (B1)− |B1| · Uω−1)

≤f
∗(Uω−1) + ντω − cω

1
α∗
S(k)

f∗(Uω−1)

=α∗
S(k) ·

(︃
1 +

ντω − cω
f∗(Uω−1)

)︃

≤α∗
S(k) ·

(︃
1 +

Uω − cω
f∗(Uω−1)

)︃

≤max
i∈[k]

α∗
S(k) ·

(︃
1 +

Ui − ci
f∗(Ui−1)

)︃
.

Case 2: In the set of buyers B2, there are other buyers with valuation greater than Uω−1 besides
the buyer at time τω. The proof in this case follows the same structure as the proof above and the
proof in Appendix A.6.
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Appendix B

Proofs of Chapter 3

B.1 Proof of Theorem 3.2

We use an online primal-dual approach to establish the competitive ratio of Algorithm 2. Consider
the dual LP corresponding to the primal LP in Eq. (3.1):

min
λ,u

∑︂

n∈[N ]

un + k ·
∑︂

n∈[N ]

λn, (B.1)

s.t. un +

N∑︂

j=n

λj1{an+d>aj} ≥ vn, ∀n ∈ [N ], (B.2)

λn ≥ 0, ∀n ∈ [N ]. (B.3)

Let ALG(I) represent the expected objective value of Algorithm 2 on an instance I. Moving
forward, we first propose a feasible solution for the primal problem given in Eq. (3.1), denoted as
{xALGn }n∈[N ]. We then show that ALG(I) equals the objective value of the primal LP solution.

In the second step, we design a feasible solution for the dual problem, denoted as {uALGn , λALGn }n∈[N ],
which corresponds to the dual linear program, and define the dual objective

DALG =
∑︂

n∈[N ]

uALGn + k ·
∑︂

n∈[N ]

λALGn .

We then establish that the dual solution {uALGn , λALGn }n∈[N ] is feasible for the dual LP in Eq. (B.1).

In the final step, we establish that

DALG ≤
(︂
1 + ln

(︂vmax

vmin

)︂)︂
· P ALG.
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After proving these steps, by weak duality we have

ALG(I) = P ALG ≥ 1

F
·DALG ≥ 1

F
· OPT(I),

where OPT(I) denotes the objective value of the optimal clairvoyant algorithm on instance I. Thus,
the 1 + ln

(︂
vmax
vmin

)︂
-competitiveness of Algorithm 2 follows.

First Step: Design of Primal Solution and ALG(I) = P ALG. We set the primal variables as
xALGn = xn for all n ∈ [N ]. Let ∆

(n)
P ALG denote the increase in the primal LP objective value resulting

from updating xALGn , and let ∆
ALG(I)
n denote the corresponding increase in the expected objective

value of Algorithm 2 when a unit of resource is allocated to buyer n. By our update, we have

∆
(n)
P ALG = vn · xALGn .

Furthermore,

∆ALG(I)
n = vn·

Pr[a unit of resource is allocated to buyer n]

= vn · xn.

The final equality follows because the 1-(k, d)-oca rounding scheme allocates a unit to buyer n with
probability exactly xn. Summing over buyers for all n ∈ [N ] establishes that ALG(I) = P ALG.

Second Step: Design of Dual Solution, {uALGn , λALGn }n∈[N ], and Feasibility of the Dual
Solution. Let us initialize all dual variables to zero. For each rental request n, let xn be the
variable chosen by Algorithm 2. We then perform the following updates:

λALGν∗n
= λALGν∗n

+ F ·
∫︂ yn+xn

k

η= yn
k

ϕ(η)dη, (B.4)

uALGn = F · xn ·
(︂
vn − ϕ

(︂yn + xn
k

)︂)︂
, (B.5)

where ν∗n = max{j ≥ n|aj < an + d} and F = 1 + ln
(︂
vmax
vmin

)︂
. To prove the feasibility of the above

dual solution, we must show that the dual constraint in Eq. (B.2) corresponding to each buyer n is
satisfied; that is,

uALGn +

N∑︂

j=n

λALGj · 1{an+d>aj} ≥ vn.
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For the n-th buyer, the dual variable uALGn is updated according to Eq. (B.5), so that

uALGn ≥ F · xn ·
(︂
vn − ϕ

(︂yn + xn
k

)︂)︂
.

Next, we aim to prove that

N∑︂

j=n

λALGj · 1{an+d>aj} ≥ F ·
∫︂ yn+xn

k

0
ϕ(η)dη. (B.6)

Assuming this inequality holds, we first show that the dual constraint in Eq. (B.2) is satisfied for
each buyer n and then get back to the proof of the above inequality. Let us consider the following
two cases.

Case 1: ϕ
(︂
yn+xn

k

)︂
< vn. It can be verified that following from Eq. (3.5), we have

xn = max
{︂
0,min

{︂
1, k · ϕ−1(vn)− yn

}︂}︂
.

Since we have ϕ
(︂
yn+xn

k

)︂
< vn, then it follows that xn = 1. Therefore,

uALGn +
N∑︂

j=n

λALGj · 1{an+d>aj} ≥ F ·
(︂
vn − ϕ

(︂yn + xn
k

)︂)︂
+ F ·

∫︂ yn+xn
k

0
ϕ(η)dη

≥ F ·
(︄∫︂ ϕ−1(vn)

yn+xn
k

ϕ(η)dη +

∫︂ yn+xn
k

0
ϕ(η)dη

)︄

= F ·
∫︂ ϕ−1(vn)

0
ϕ(η)dη

≥ vn,

where the second inequality follows from the monotonicity of ϕ, and the last inequality follows from
the design of ϕ in Theorem 3.2.
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Case 2: ϕ
(︂
yn+xn

k

)︂
≥ vn. We can lower-bound the LHS of Eq. (B.2) as follows:

uALGn +
N∑︂

j=n

λALGj · 1{an+d>aj} ≥ F · xn ·
(︂
vn − ϕ

(︂yn + xn
k

)︂)︂
+ F ·

∫︂ yn+xn
k

0
ϕ(η)dη

≥ F ·
∫︂ yn+xn

k

0
ϕ(η)dη

≥ F ·
∫︂ ϕ−1(vn)

0
ϕ(η)dη

≥ vn,

where the second inequality follows from the monotonicity of ϕ and the last inequality is as in Case
1.

Thus, assuming Eq. (B.6) holds, the dual constraint in Eq. (B.2) is satisfied for each n ∈ [N ],
proving the feasibility of the dual solution {uALGn , λALGn }.

Let us now return to the proof of inequality Eq. (B.6). Define the set of buyers On as

On = {n ≤ j ≤ N | an + d > aj , xj > 0},

i.e., the set of buyers arriving after buyer n whose rental request intervals overlap with that of buyer
n. Furthermore, define the set of buyers Bn as

Bn = {1 ≤ j ≤ n | aj + d > an, xj > 0}.

Note that for each buyer j ∈ Bn, we have ν∗j ∈ On. Then, it follows that:

N∑︂

j=n

λALGj · 1{an+d>aj} ≥
∑︂

j∈On

λALGj

=
∑︂

j∈On

∑︂

m∈[n]

∆
λALGj
m

≥
∑︂

m∈Bn

∆
λALG
ν∗m

m ,

where in above ∆
λALGj
m denotes the increase in the value of λALGj due to the dual update in Eq. (B.5)

performed for buyer m. In above, the first inequity follows from the definition of the set On and the
second inequality follows from the fact that the buyer ν∗m is in the set On for each buyer m ∈ Bn.
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Moving forward, let us sort the buyers in Bn in increasing order of their arrival times so that

Bn = {n1, n2, . . . , n|Bn|}.

We have:

∑︂

m∈Bn

∆
λALG
ν∗m

m ≥ F
|Bn|∑︂

i=1

∫︂ yni+xni

η=yni

ϕ(η)dη

≥ F
|Bn|∑︂

i=1

∫︂ ∑︁i
j=1 xnj

η=
∑︁i−1

j=1 xnj

ϕ(η)dη

= F

∫︂ ∑︁|Bn|
i=1 xni

η=0
ϕ(η)dη

= F

∫︂ yn+xn

η=0
ϕ(η)dη.

In the above, the first inequality follows from the update for λALGν∗m
in Eq. (B.5) for each buyer m, and

the second inequality holds because, by the definition of the set Bn, all buyers in Bn arriving prior
to buyer ni have rental requests overlapping buyer ni; hence, the variable yni is at least

∑︁i−1
j=1 xnj

at the arrival of buyer ni.

Putting together the results obtained in the above two cases, the inequality in Eq. (B.6) follows.

Third step: DALG ≤ F · P ALG. Instead of proving the overall inequality DALG ≤ F · P ALG directly,
we show that for each buyer n

∆DALG

n ≤ F∆P ALG

n ,

where ∆DALG

n denotes the increase in the dual objective value after updating the dual variables for
buyer n via Eqs. (B.4) and (B.5), and ∆P ALG

n denotes the increase in the primal objective value after
updating the primal LP solution for buyer n by setting xALGn = xn.

We now consider the following two cases in order to prove the above inequality.
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Case 1: xn = 1 In this case, we have

∆DALG

n = ∆uALGn
n + k∆

λALG
ν∗n

n

= F · xn ·
(︂
vn − ϕ

(︂yn + xn
k

)︂)︂
+ kF ·

∫︂ yn+xn
k

η= yn
k

ϕ(η)dη

= F ·
(︂
vn − ϕ

(︂yn + 1

k

)︂)︂
+ kF ·

∫︂ yn+1
k

η= yn
k

ϕ(η)dη

≤ F ·
(︂
vn − ϕ

(︂yn + 1

k

)︂)︂
+ kF · 1

k
ϕ
(︂yn + 1

k

)︂

= F · vn = F∆P ALG

n ,

where in the above the first equality follows from the objective value of the dual LP in Eq. (B.1).
The second equality follows from the dual updates done in Eq. (B.4) and Eq. (B.5). Then, the first
inequality follows from the fact that ϕ is an increasing function.

Case 2: xn < 1 In this case, if xn = 0, then we have ∆DALG

n = ∆P ALG

n = 0. Otherwise, if xn ̸= 0,
then by Eq. (3.5) we have

xn = max
{︂
0,min

{︂
1, k · ϕ−1(vn)− yn

}︂}︂
.

Since xn < 1, we must have

vn = ϕ
(︂yn + xn

k

)︂
.

It follows that

∆DALG

n = ∆uALGn
n + k∆

λALG
ν∗n

n

= F · xn ·
(︂
vn − ϕ

(︂yn + xn
k

)︂)︂
+ kF ·

∫︂ yn+xn
k

η= yn
k

ϕ(η)dη

= kF ·
∫︂ yn+xn

k

η= yn
k

ϕ(η)dη,

≤ Fk · xn
k
· ϕ
(︂yn + xn

k

)︂

= F · vn · xn
= F∆P ALG

n .

In the above, the first inequality follows from the fact that the function ϕ is increasing.
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Thus, combining the results from both cases, we obtain

∆DALG

n ≤ F∆P ALG

n ,

which completes the proof of the third step and thus the proof for Theorem 3.2.

B.2 Proof of Proposition 3.2

Following the same proof structure as in [SJTB24] for the online selection problem, we can prove
the lower bound 1 + ln

(︁
vmax
vmin

)︁
on the competitiveness of every online algorithm for kRental-fixed.

We can design a set of hard instances for the kRental-fixed problem similar to [SJTB24]. Let
A(k, v) denote a batch of k identical buyers, each with valuation v (with v ∈ [vmin, vmax]). Divide
the uncertainty range [vmin, vmax] into m− 1 sub-ranges of equal length

∆v =
vmax − vmin

m− 1
.

Let

V := {vi}i∈[m],

where vi = vmin + (i− 1)∆v for i ∈ [m]. Define an instance

Ivi := A(k, v1)⊕A(k, v2)⊕ · · · ⊕ A(k, vi),

which consists of a sequence of buyer batches with increasing valuations that arrive consecutively
within an arbitrarily short time interval. (Here, A(k, vi) ⊕ A(k, vj) denotes a batch A(k, vi) im-
mediately followed by a batch A(k, vj).) In this construction, all buyers—from those in the first
batch A(k, v1) to the last buyer in the final batch A(k, vm)—arrive during the short interval [0, ϵ],
where ϵ is a small value satisfying ϵ < d. This setup guarantees that if a unit is allocated to a buyer
in batch A(k, vi), it cannot be reallocated to any buyer arriving afterwards, because the unit will
only become available after d time steps, while subsequent buyers arrive within a much shorter time
span.

We consider the collection {Ivi}i∈[m] as the set of hard instances for the kRental-fixed problem.
Following the same proof structure as in the proof of Lemma 2.3 in [SJTB24], to obtain the optimal
online algorithm on the set of hard instances {Ivi}i∈[m], one can show that the lower bound 1 +

ln
(︁
vmax
vmin

)︁
holds for the competitiveness of every online algorithm on the set of hard instances {Ivi}i∈[m]

and thus prove the lower-bound 1 + ln
(︁
vmax
vmin

)︁
.
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B.3 Proof of Proposition 3.1

For each player n ∈ [N ], for each ball i ∈ [k], we define the set R(i)
n as follows:

R(i)
n =

{︂(︁
pj ,max{1, pj + xj}, j

)︁⃓⃓
j ∈ B(i)

n

}︂
∪
{︂(︁

0, pj + xj − 1, j
)︁⃓⃓
j ∈ B(i−1)

n , pj + xj > 1
}︂
, (B.7)

where the set of players in B(i)
n are defined as

B(i)
n =

{︂
j ∈ [n] | aj + d > an,mj = i, xj ̸= 0

}︂
.

For each ball i, the set R(i)
n contains all triplets that each correspond to the process of the algo-

rithm deciding to allocate ball i to player n. Specifically, if an element of the form
(︂
pj ,max{1, pj +

xj}, j
)︂

appears in R(i)
n and j ∈ B(i)

n , then upon the arrival of player j, if the random seed r lies in
the range (pj ,max{1, pj + xj}], Procedure 3 allocates ball mj = i to player j.

Similarly, if
(︂
0, pj + xj − 1, j

)︂
belongs to R(i)

n and j ∈ B(i−1)
n , then upon the arrival of player

j, if r ∈ [0, pj + xj − 1), Algorithm 3 allocates ball mj + 1 = i to player j. Thus, the element(︂
0, pj + xj − 1, j

)︂
is added to R(i)

n to reflect this allocation decision.

In what follows, we show that if Proposition 3.1 fails, then there must exist two elements
(s1, e1, n1) and (s2, e2, n2) in either R(mn)

n or R(mn+1)
n whose intervals [s1, e1) and [s2, e2) intersect.

We consider the following two cases, reflecting those discussed in Proposition 3.1:

Case 1: pn + xn < 1. If Proposition 3.1 holds, then whenever r ∈ [pn, pn + xn), ball mn remains
available at the arrival of player n. Suppose the lemma fails in this case. Then, for some r ∈ [pn, pn+

xn), ball mn is unavailable. Hence, there must exist a player j < n such that if r ∈ [s1, e1), with
[s1, e1)∩ [pn, pn+xn) ̸= ∅, ball mn was allocated to j. Thereby, in this case Proposition 3.1 doesn’t
hold, by the definition of R(mn)

n , the set R(mn)
n contains two triplets (s1, e1, j) and (pn, pn + xn, n)

such that range [s1, e1) and [pn, pn + xn) overlap.

Case 2: pn+xn ≥ 1. A similar argument shows that if Proposition 3.1 fails in this case, there must
exist two elements (s1, e1, n1) and (s2, e2, n2) in either R(mn)

n or R(mn+1)
n where intervals [s1, e1) and

[s2, e2) intersect.

We next show that no set R(i)
n (for any n ∈ [N ] and i ∈ [k]) can contain two elements whose

corresponding intervals overlap. Indeed, Proposition B.1 establishes that R(i)
n can only be in one of

four specific forms, none of which allows two elements (s1, e1, n1) and (s2, e2, n2) with overlapping
intervals [s1, e1) and [s2, e2). Let us define l(i)n =

∑︁
(s,e,t)∈R(i)

n
(e− s).

Proposition B.1. At the arrival time of each player n ∈ [N ] and for each ball i ∈ [k], if the set
R

(i)
n is non-empty, then upon sorting R(i)

n by the first element of each triplet, one of the following
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three forms arises:

(i) If i = mn and xn + pn < 1, then for some j ∈ N, R(i)
n takes the form

R(i)
n =

{︃(︁
s1, s2, t1

)︁
, . . . , (sj = pn, sj+1 = pn + xn, tj), (sj+1 + 1− l(i)n , sj+2, tj+1), . . . , (sq, sq+1 = 1, tq)

}︃
,

where tj+1 < tj+2 < · · · < tq < t1 < t2 < · · · < tj and s1 ≤ s2 ≤ · · · ≤ sj+1 ≤ sj+2 ≤ · · · ≤ sq+1 =

1.

(ii) If i = mn and xn + pn ≥ 1, R(i)
n takes the form

R(i)
n =

{︃(︁
s1, s2, t1

)︁
,
(︁
s2, s3, t2

)︁
. . . ,

(︁
sq = pn, sq+1 = 1, tq

)︁}︃
,

where t1 < t2 < · · · < tq and s1 ≤ s2 ≤ · · · sq = pn ≤ sq+1 = 1.

(iii) If i = mn + 1, and xn + pn > 1 then R
(i)
n takes the form

R(i)
n =

{︃
(s1 = 0, s2 = pn + xn − 1, t1 = n),

(︁
s2, s3, t2

)︁
, (s3, s4, t3), . . . , (sq, sq+1 = 1, tq)

}︃
,

where t2 < · · · < tq < t1 = n and s1 = 0 < s2 < · · · < sq+1.

(iv) If i = mn + 1 and xn + pn ≤ 1 or i ∈ [k]− {mn,mn + 1}

R(i)
n =

{︃(︁
s1 = 1− l(i)n , s2, t1

)︁
, (s2, s3, t2), . . . , (sq, sq+1 = 1, tq)

}︃
,

where t1 < t2 < · · · < tq and 1− l(i)n = s1 ≤ s2 ≤ · · · ≤ sq+1 = 1.

Proof. We prove the proposition by induction on N , the number of arriving players.

Base Case (N = 1). In this scenario, we have p1 = 0 and m1 = 1, leading to R(1)
1 = {(0, x1, 1)}.

If xn + pn < 1 then R(1)
1 takes the first form j = 1, otherwise it is in the second form and all other

sets R(i)
1 are empty. Therefore, the proposition holds for N = 1.

Induction Hypothesis: Assume that for N = M the proposition holds, i.e., for each i ∈ [k],
the set R(i)

M is in one of the above forms in Proposition B.1.

Inductive Step: We now prove that R(i)
M+1 is also in one of these forms after processing the

(M + 1)-th player. After the arrival of the (M + 1)-th player, two types of changes may occur in
R

(i)
M+1 compared to R(i)

M : existing elements may be removed, or new elements may be added. An
element in R(i)

M is removed from R
(i)
M+1 if the rental period for the corresponding player ends by time

aM+1. In other words, for an element corresponding to a player j satisfying aM < aj + d ≤ aM+1,
that element is removed from R

(i)
M+1. In the discussion below, we examine the two cases that can
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arise depending on whether an element is added to or removed from the set R(i)
M .

Case 1 (element removed)

Suppose an element is removed from R
(i)
M upon the arrival of player M + 1. We consider four

subcases, depending on which form R
(i)
M takes.

• Subcase 1a: R(i)
M is in the first form. Then we have

R
(i)
M = {(s1 = 0, s2, t1), . . . , (sj = pn, sj+1 = pn + xn, tj), (sj+1 + 1− l(i)n , sj+2, tj+1), . . . , (sq, sq+1 = 1, tq)}.

for some values {si} and {ti} satisfying the conditions of the first form in Proposition B.1.

In the set R(i)
M , the first elements to be removed—based on the arrival times of these players and

the fact that they appear in R(i)
M only for a fixed duration—are those corresponding to players j+1

up to q and 1 to j. It is easy to see that removal of the elements corresponding to players j + 1 up
to q leads R(i)

M+1 to remain in the first form. The removal of elements corresponding to players 1 to
j causes R(i)

M+1 to have either the first or second form, depending on the values of xm+1 and pm+1.

• Subcase 1b: R(i)
M is in the second form. Then we have

R
(i)
M = {(s1, s2, t1), (s2, s3, t2), . . . , (sq = pM , sq+1 = pM+1, tq)},

for some values {si} and {ti} satisfying the conditions of the second form in Proposition B.1.

Since t1 ≤ ti for all i ∈ [q], (s1, s2, t1) is the oldest element and thus the first to be removed.
Consequently, if one element is removed upon the arrival of player M + 1, it must be (s1, s2, t1).
A straightforward check shows that after this removal, R(i)

M+1 continues to be in the fourth form.
If more than one element is removed, a similar argument implies that R(i)

M+1 will be in the fourth
form.

• Subcase 1c: R(i)
M is in the third form. If an element is removed from R

(i)
M upon the arrival of

player M +1, it must be the oldest element in that set. By an argument analogous to the subcases
above, R(i)

M+1 then transitions to either the first or second form depending on the values of xm+1

and pm+1.

• Subcase 1d: R(i)
M is in the fourth form. Here, removing an element from R

(i)
M at the arrival

of player M + 1 causes R(i)
M+1 to remain in the same form.
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Case 2 (element is added)

Suppose a new element corresponding to the decision made for player M + 1 is added to the set
R

(i)
M+1. Again, we consider the following cases:

• Subcase 2a: R(i)
M in the first form. In this case, we have

R
(i)
M = {(s1 = 0, s2, t1), . . . , (sj = pM , sj+1 = pM+1, tj), (sj+1 + 1− l(i)M , sj+2, tj+1), . . . , (sq, sq+1 = 1, tq)}.

Suppose a new element (s, e,M + 1) is added at the arrival time of the (M + 1)-th player. By
the design of Procedure 3, we have s = pM+1 and e = pM+1 + xM+1. Thus, this new element is
inserted after the element (sj , sj+1 = pM+1, tj). To ensure that R(i)

M+1 remains in the proper form
(i.e., either in the first or second form), we must have

e ≤ sj+1 + 1− l(i)M .

We now formalize and prove this requirement.

Lemma B.1. Consider the case where the set R(i)
M is in the first form as described above, and

suppose that upon the arrival of player M + 1, a new element (s, e,M + 1) is added with s = pM+1

and e = pM+1 + xM+1. Then, it holds that

e ≤ sj+1 + 1− l(i)M ,

where l(i)M =
∑︁

(s,e,t)∈R(i)
M

(e − s), as previously defined, represents the total sum of the range sizes

corresponding to each element (s, e, t) in R
(i)
M .

Proof. Consider the stage when the algorithm has finished processing the tq-th player and has added
the element (sq, sq+1 = 1, tq) to R(i)

tq . By design, at this stage the pointer ptq+1 reaches 1, and the
pointer mtq is incremented. Between the processing of the tq-th and t1-th players, the pointer mn

is incremented k − 1 times so that it again points to ball i, and a new element (s1, s2, t1) is added
to R(i)

t1
. For the pointer mn to be incremented k − 1 times, there exists a sequence of players from

the tq-th to the t1-th player such that

t1−1∑︂

j=tq+1

xj +
(︂
xtq + ptq − 1

)︂
+
(︂
1− pt1

)︂
· 1{mt1=i−1} = k − 1.

Next, it follows that if

e > sj+1 + 1− l(i)M ,
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then

M+1∑︂

j=1

xj · 1{aj+d>aM+1} > k,

which contradicts the constraint in Eq. (3.6). Therefore, we must have

e ≤ sj+1 + 1− l(i)M .

Thus, we complete the proof of Lemma B.1.

Thus, if a new element is added to R(i)
M+1 when R

(i)
M is in the first form, no two elements will

have overlapping intervals, and the set remains in either the first or second form. This completes
the argument.

• Subcase 2b: R(i)
M in the second form. Since at the arrival time of player M , we have i = mn,

if at arrival time of player M + 1, a new element is added to R(i)
M+1, then it must be the case that

k = 1, and the newly added element is (pM+1, pM+1+xM+1, M +1). Following the same analysis,
if the range (pM+1, pM+1 + xM+1] of this newly added element overlaps with any other element in
R

(i)
M+1, we obtain a contradiction with the constraint in Eq. (3.6).

• Subcase 2c: R(i)
M in the third form. In this case, we have

R
(i)
M =

{︂(︁
s1 = 0, s2 = pM + xM − 1, t1 =M

)︁
,
(︁
s2, s3, t2

)︁
, . . . ,

(︁
sq, sq+1 = 1, tq

)︁}︂
.

Suppose a new element (s, e, t) is added at the arrival time of player M +1. Then, by the design of
Procedure 3,

s = pM + xM − 1 = pM+1,

e = max{1, pM+1 + xM+1}.

Thus, this new element is appended after the element (s1, s2,M). Following the same reasoning as
in Subcase 1a, we must have e < s2, otherwise a contradiction arises with the constraint in Eq. (3.6).

• Subcase 2d: R(i)
M in the fourth form. Here, we have

R
(i)
M =

{︂(︁
s1 = 1− l(i)M , s2, t1

)︁
, (s2, s3, t2), . . . , (sq, sq+1 = 1, tq)

}︂
.
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Suppose a new element (s, e, t) is added at time M + 1. By the design of Algorithm 3, we have

s = 0 = pM+1,

e = max{1, pM+1 + xM+1}.

Hence, this new element is inserted before (s1, s2, t1). Again, by analogous reasoning to Subcase 1a,
we must have e < s2; otherwise, we reach a contradiction with the constraint in Eq. (3.6).

Thus, by completing the proof of Proposition B.1, we have shown that R(i)
n can only take one of

four specific forms, none of which permits two elements (s1, e1, n1) and (s2, e2, n2) with overlapping
intervals [s1, e1) and [s2, e2). Hence, the proof of Proposition 3.1 follows.

B.4 Proof of Theorem 3.1

We consider two cases based on the relation between 1− pn and xn.

Case I: 1 − pn ≥ xn. In this case, the algorithm assigns ball mn to player n if ball mn is
available and r ∈ [pn, pn+xn). Let Emn denote the event that ball mn is available upon the arrival
of the n-th player at time an, and let E denote the event r ∈ [pn, pn + xn). Then the probability
that ball mn is allocated to player n is

Pr[Emn ∩ E].

Based on the definition of the set R(mn)
n , it contains all the ranges that have been used to

allocate ball mn to previous players, including those whose rental players overlap with player n.
Proposition B.1 ensures that the range [pn, pn+xn) does not overlap with any other range in R(mn)

n .
Thus, if the random sample r ∈ [pn, pn + xn), then ball mn is guaranteed to be available at the
arrival of player n. So if E occurs, ball mn is available. Consequently,

Pr[Emn ∩ E]

= Pr[E] · Pr[Emn | E]

= Pr[E]

= Pr[r ∈ [pn, pn + xn)]

= xn.

Hence, when xn < 1− pn, player n gets ball mn with probability xn.

Case II: 1 − pn < xn. In this case, the algorithm first attempts to allocate ball mn if it is
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available and if r ∈ [pn, 1]. If this allocation does not occur, it then attempts to allocate ball mn+1

provided that it is available and r ∈ [0, xn − 1 + pn). Let Emn denote the event that ball mn is
available at time an, and let E1 denote the event r ∈ [pn, 1]. Similarly, let Emn+1 denote the event
that ball mn + 1 is available, and let E2 denote the event r ∈ [0, xn − 1 + pn). Then the total
probability that a ball is allocated to player n is given by

Pr[Emn ∩ E1] + Pr
[︂
Emn+1 ∩ E2 ∩ (Emn ∩ E1)

′
]︂
.

Based on Proposition B.1 and the fact that pn ̸= 0, the set R(mn)
n is in the first form and the range

[pn, 1] does not overlap with any previous ranges in R
(mn)
n . Therefore, if E1 occurs, ball mn is

available, and

Pr[Emn ∩ E1] = Pr[E1] = 1− pn.

Similarly, the event Emn+1 ∩ E2 occurs with probability

Pr[Emn+1 ∩ E2] = Pr[E2] = xn − 1 + pn.

Since the ranges [pn, 1] and [0, xn − 1 + pn) do not overlap (because xn ≤ 1), we have

Pr
[︂
Emn+1 ∩ E2 ∩ (Emn ∩ E1)

′
]︂

= Pr
[︂
r ∈

(︁
[0, xn − 1 + pn) ∩ [0, pn)

)︁]︂

= Pr
[︂
r ∈ [0, xn − 1 + pn)

]︂

= xn − 1 + pn.

Thus, the total probability that a ball is allocated to player n is

Pr[ball allocated to player n]

= Pr[Emn ∩ E1] + Pr
[︂
Emn+1 ∩ E2 ∩ (Emn ∩ E1)

′
]︂

= (1− pn) + (xn − 1 + pn)

= xn.

Thus, in both cases, each player n gets a ball with the desired probability xn, which proves that
Algorithm 3 is a lossless online scheme.
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Appendix C

Proofs of Chapter 4

C.1 Proof of Proposition 4.1

We apply the LP-free certificate approach developed by [GIU0] to upper-bound the competitive
ratio of Algorithm 4 for any given instance I ∈ IkRental-variable of kRental-variable problem.
Using this approach, we define a system of linear constraints such that the existence of a feasible
solution certifies α-competitiveness of the algorithm.

Let {{un, λ(i)n }n∈[N ], θi}i∈[k] be the set of variables in our system. The constraints are given by:

∑︂

n∈[N ]

un +
∑︂

i∈[k]

θi ≤ α · ALG(I), (C.1)

θi +
∑︂

n∈Pi

un ≥
∑︂

n∈Pi

dn = OPTi, ∀i ∈ [k], (C.2)

where ALG(I) denotes the expected performance of the algorithm on instance I. For each i, the set
Pi consists of the buyers to whom the optimal clairvoyant algorithm allocates the i-th unit of the
resource, and OPTi =

∑︁
n∈Pi

dn. Clearly, if the above constraints hold, then:

OPT =
k∑︂

i=1

OPTi

≤
k∑︂

i=1

(︂
θi +

∑︂

n∈Pi

un

)︂

≤
∑︂

i∈[k]

θi +
∑︂

n∈[N ]

un

≤ α · ALG(I),
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where in the derivation above, the first inequality follows from Eq. (C.1), the second inequality
holds because the sets {Pi} are pairwise disjoint, and the final inequality follows from Eq. (C.6).
Hence, if there is a solution to this linear system, it certifies the α-competitiveness of Algorithm 4.
In what follows, we first describe how to assign values to the system’s variables, and then show that
these assignments satisfy all the inequalities of the system.

Based on the performance of Algorithm 4, we now specify how to assign values to the variables
in our LP-free certificate. Initially, all variables are set to zero. After the arrival of the final buyer
in instance I, we update the variables as follows. For each rental request n, let xn be the fractional
allocation variable determined by Algorithm 4. We then perform the following updates:

un =
α

3
dnxn, (C.3)

λ
(i∗n)
j = λ

(i∗n)
j +

α

3

(︁
aj+1 − aj

)︁
xn, ∀j, n ≤ j < ν∗n, aj < an + dn, (C.4)

λ
(i∗n)
ν∗n

= λ
(i∗n)
ν∗n

+
α

3

(︂
2dn −

(︁
aν∗n − an

)︁)︂
xn, (C.5)

where ν∗n = max{j ≥ n|aj < an + dn}. After updating the variables above for all the N buyers, let
us set the value of variables θi =

∑︁
n∈[N ] λ

(i∗n)
n for all i ∈ [k].

Remark C.1. The intuition behind the design of the variables in the system is as follows. We
implement a pricing scheme in which the variable un denotes the utility accrued by buyer n, and
the set of variables λ(i)j represents the price of unit i at the arrival time of buyer j. Depending
on the fractional allocation xn, which is allocated from unit i∗n to buyer n, the utility un increases
accordingly. Furthermore, we raise the price of unit i∗n at the arrival time of every buyer j < ν∗n

whose request interval overlaps with that of buyer n. This price adjustment is intended for any buyer
arriving after buyer n whose rental duration finishes before that of buyer n and who might be rejected
because a fraction of unit i∗n has already been allocated to buyer n. In addition, we also increase the
price of unit i∗n for buyer ν∗n, which is the last arriving buyer in the horizon whose request interval
overlaps with that of buyer n. This adjustment accounts for buyers who might arrive very close to
the end of buyer n’s request interval and whose requests may be rejected because the algorithm has
already allocated a fraction of unit i∗n to buyer n.

First Constraint of the System. Based on the construction of the variables detailed above, we
now verify the constraint Eq. (C.1).

Let ∆ALG
n denote the increase in the expected objective value of Algorithm 4 after processing

buyer n. We show that ∆ALG
n = dn · xn. Algorithm 4 defines y(i)n as in Eq. (4.4), which sums the

probabilities that unit i has been allocated to previous buyers. Consequently, at the arrival of buyer
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n, resource i is available with probability 1− y(i)n . Therefore,

∆ALG
n = dn · P[unit i∗n is available] · P[the unit is allocated]

= dn
(︁
1− y(i∗n)n

)︁
· xn

1− y(i∗n)n

= dnxn.

Summing over all buyers n ∈ [N ], ALG(I) =
∑︁

n∈[N ]∆
ALG
n =

∑︁
n∈[N ] dnxn.

Next, let ∆rhs
n denote the increase in the right-hand side of Eq. (C.1) after updating the variables

of the system according to Eqs. (C.3)–(C.5) for the n-th rental request. It follows directly that

∆rhs
n = αdnxn.

Summing these increments for all buyers n ∈ [N ] gives

∑︂

n∈[N ]

un +
∑︂

i∈[k]

θi =
∑︂

n∈[N ]

∆rhs
n =

∑︂

n∈[N ]

α · dn · xn.

Combining this with our previous result on the expected increase in the objective of the algorithm,
we conclude that the first constraint, Eq. (C.1), is satisfied.

Second Set of Constraints. The remaining set of constraints are as follows:

θi +
∑︂

n∈Pi

un ≥ α ·
∑︂

n∈Pi

dn = α · OPTi, (C.6)

where the value of θi can be lower bounded by:

θi =
∑︂

n∈[N ]

λ(i)n ≥
∑︂

n∈Pi

N∑︂

j=n

λ
(i)
j 1{an+dn>aj}.

The inequality holds because, for each buyer n ∈ Pi, the set {j ∈ [N ] | an + dn > aj} cannot
intersect with any other buyer’s set. Otherwise, the optimal offline algorithm would have allocated
unit i to two buyers at the same time, which is infeasible. Hence, for the left-hand side of Eq. (C.6),
we have

θi +
∑︂

n∈Pi

un ≥
∑︂

n∈Pi

N∑︂

j=n

λ
(i)
j 1{an+dn>aj} +

∑︂

n∈Pi

un ≥
∑︂

n∈Pi

(︂ N∑︂

j=n

λ
(i)
j 1{an+dn>aj} + un

)︂
.
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Thus, it suffices to show that for each buyer n ∈ Pi,

N∑︂

j=n

λ
(i)
j 1{an+dn>aj} + un ≥ α · dn.

In what follows, we first derive a lower bound on the left-hand side of the above inequality by
separately bounding

∑︁N
j=n λ

(i)
j 1{an+dn>aj} and un. Then, invoking the constraints placed on the

price function ϕ in Proposition 4.1, we conclude that this bound is at least α · dn, thus ensuring
that Eq. (C.6) is satisfied.

Let us define

Λ(i)
n =

N∑︂

j=n

λ
(i)
j 1{an+dn>aj}.

Lower-bounding Term Λ
(i)
n . Let us define the set of buyers B(i)

n by

B(i)
n =

{︁
1 ≤ j < n | aj + dj > an, xj > 0, i∗j = i

}︁
. (C.7)

In other words, B(i)
n is the set of all buyers who arrive before buyer n, request rental intervals

overlapping the interval of buyer n, and have a non-zero probability of receiving unit i.

Furthermore, define C(i)
n ⊆ B(i)

n by

C(i)
n =

{︁
j ∈ B(i)

n | aj + dj < an + dn
}︁
.

Next, let the set of buyers {cl}l∈[L] be defined recursively such that

c1 = argmin
j∈C(i)

n

{aj + dj},

cl = argmin
j∈C(i)

n
aj>acl−1

{aj + dj}, 1 < l ≤ L.

The buyer cL ∈ C(i)
n is the one for which {j ∈ C(i)

n | aj > acL} is empty. Using the sequence of
buyers {cl}l∈[L], we partition C(i)

n into L sets:

Cl =
{︁
j ∈ C(i)

n | acl−1
≤ aj < acl

}︁
, ∀l ∈ [L].
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Furthermore, define the set of values {zl}l∈[L] by

zl =
∑︂

j∈C(i)
n

aj<acl

xj .

Let ∆(j)

Λ
(i)
n

denote the increase in Λ
(i)
n after processing the rental request of buyer j and updating

the variables according to Eqs. (C.3)–(C.5). From the way we perform the updates, it follows that

∑︂

j∈C(i)
n

∆
(j)

Λ
(i)
n

≥
L∑︂

l=1

∑︂

j∈Cl

α

3
xj

(︂
dj +

(︁
aj + dj − an

)︁)︂

≥
L∑︂

l=1

∑︂

j∈Cl

α

3
xj

(︂
dcl +

(︁
acl + dcl − an

)︁)︂

≥
L∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1

)︂
,

where the first inequality follows from the dual updates in Eqs. (C.4)–(C.5), the second inequality
relies on the definition of cl and Cl (under which dj ≤ dcl and aj + dj ≥ acl + dcl for each j ∈ Cl),
and the last inequality follows from the definition of the values {zl}l∈[L], taking z0 = 0.

Define the sequence {z′l}l∈[L] recursively as follows:

z′L = zL,

z′l =

⎧
⎪⎨
⎪⎩

zl, if
(︁
dcl+1

+ acl+1

)︁
−
(︁
dcl + acl

)︁
≥ ϕ

(︁
z′l+1

)︁
− ϕ

(︁
zl
)︁
,

ϕ∗
(︂
ϕ
(︁
z′l+1

)︁
−
[︁(︁
dcl+1

+ acl+1

)︁
−
(︁
dcl + acl

)︁]︁)︂
, otherwise,

∀l ∈ [L− 1].

Lemma C.1. From the definition of the sequence {z′l}l∈[L], for each l ∈ {1, . . . , L}, we have

dcl ≥ ϕ
(︁
z′l
)︁
.

Moreover,

L∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂

≥ α

3
· z′1ϕ(z′1) +

L∑︂

l=2

(︁
z′l − z′l−1

)︁(︁
dcl + acl + dcl − ac1 − dc1

)︁
. (C.8)
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Proof. Part-I (Proof of dcl ≥ ϕ(z′l)). We show dcl ≥ ϕ
(︁
z′l
)︁

by induction on L. For the base case
L = 1:

z′1 = z1,

and by the definition of z1, the probabilistic utilization level of item i at the arrival of buyer c1 is
at least z1. Since xc1 ̸= 0, it follows that

dc1 ≥ ϕ
(︁
z1
)︁
= ϕ

(︁
z′1
)︁
.

Assume the statement holds for any number of buyers in the set {cl}l∈[L] up to M−1. We prove
it for L =M . By the same argument as in the base case, we have

dcM ≥ ϕ
(︁
zM
)︁
= ϕ

(︁
z′M
)︁
.

If z′M−1 = zM−1, then by the definition of zM−1, we immediately get

ϕ
(︁
z′M−1

)︁
≤ dcM−1 .

Otherwise, suppose

(︁
dcM + acM

)︁
−
(︁
dcM−1 + acM−1

)︁
< ϕ

(︁
z′M
)︁
− ϕ

(︁
zM−1

)︁
.

From the definition of z′M−1, we have

ϕ
(︁
z′M−1

)︁
= ϕ

(︁
z′M
)︁
−
[︂(︁
dcM + acM

)︁
−
(︁
dcM−1 + acM−1

)︁]︂
.

Since ϕ
(︁
z′M
)︁
≤ dcM and acM−1 < acM (by the definition of cl), it follows that

ϕ
(︁
z′M−1

)︁
≤
[︁
ϕ(z′M )− dcM

]︁
+
[︁
acM−1 − acM

]︁
+ dcM−1 ≤ dcM−1 .

For the remaining inequalities, for each l ∈ {1, . . . ,M − 2}, the induction hypothesis applies to the
set of values {z1, . . . , zM−2} ∪ {z′M−1}, ensuring that ϕ

(︁
z′l
)︁
≤ dcl for all l ∈ {1, . . . ,M − 1}.

Part-II (Proof of (C.8)). We again use induction on L to prove

L∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂

≥ α

3
z′1ϕ(z

′
1) +

L∑︂

l=2

(︁
z′l − z′l−1

)︁(︂
dcl + acl + dcl − ac1 − dc1

)︂
.
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For L = 1, the statement is trivial since z1 = z′1. Assume it holds for all sequences {z′l} of length
L− 1. We prove it for L.

From the definition of z′L−1, we have z′L−1 ≥ zL−1. Thus, we will have the following two cases:

Case 1: z′L−1 > zL−1. By the induction hypothesis, for the sequence {z1, . . . , zL−2} ∪ {z′L−1},
we have

L−2∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1

)︂
+
α

3

(︁
z′L−1 − zL−2

)︁(︂
2dcL−1 + acL−1 − ac1 − dc1

)︂

≥α
3
z′1dc1 +

L−1∑︂

l=2

(︁
z′l − z′l−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂
.

Next, we add the term α
3

(︁
z′L−1 − zL−2

)︁(︁
2dcL−1 + acL−1 − an

)︁
to both sides of above inequality.

L−2∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1

)︂
+
α

3

(︁
z′L−1 − zL−2

)︁(︂
2dcl + acl − ac1 − dc1

)︂
+

α

3

(︁
zL − z′L−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂

≥α
3
· z′1 · dc1 +

L∑︂

l=2

(z′l − z′l−1) · (2dcl + acl − ac1 − dc1) .

Next, we will upper-bound the left-hand-size of the above inequality as follows:

L−2∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂
+
α

3

(︁
z′L−1 − zL−2

)︁(︂
2dcL−1 + acL−1 − ac1 − dc1

)︂
+

α

3

(︁
zL − z′L−1

)︁(︂
2dcL + acL − ac1 − dc1

)︂
)

≤
L−2∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂
+
α

3

(︁
zL−1 − zL−2

)︁(︂
2dcL−1 + acL−1 − ac1 − dc1

)︂
+

α

3

(︁
zL − zL−1

)︁(︂
2dcL + acL − ac1 − dc1

)︂
)

=
L∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︂
2dcl + acl − ac1 − dc1

)︂
,

where the inequality follows since
(︂
2dcL−1 + acL−1 − ac1 − dc1

)︂
≤
(︂
2dcL + acL − ac1 − dc1

)︂
. Thus

in this case the inequality in Eq. (C.8) follows.

Case 2: z′L−1 = zL−1. In this scenario, the inequality follows by the same reasoning as previous
steps.

This completes the proof of (C.8).
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Returning to the point where we left off, we have:

∑︂

j∈C(i)
n

∆
(j)

Λ
(i)
n

≥
L∑︂

l=1

α

3

(︁
zl − zl−1

)︁(︁
dcl + acl + dcl − ac1 − dc1

)︁

≥ α

3

[︂
z′1ϕ(z

′
1) +

L∑︂

l=2

(︁
z′l − z′l−1

)︁(︁
dcl + acl + dcl − ac1 − dc1

)︁]︂

≥ α

3

[︂
z′1ϕ(z

′
1) +

L∑︂

l=2

(︁
z′l − z′l−1

)︁(︁
2ϕ(z′l)− ϕ(z′1)

)︁]︂

≥ α

3

[︂
z′1ϕ(z

′
1) +

∫︂ z′L

η=z′1

(︁
2ϕ(η)− ϕ(z′1)

)︁
dη
]︂

=
2α

3
z′1ϕ(z

′
1)−

α

3
z′Lϕ(z

′
1) +

∫︂ z′L

z′1

2α

3
ϕ(η)dη,

where the second and third inequalities follow from Lemma C.1, and the fourth inequality holds
because ϕ is an increasing function.

Next, we upper-bound
∑︁

j∈B(i)
n \C(i)

n
∆

(j)

Λ
(i)
n

as follows:

∑︂

j∈B(i)
n \C(i)

n

∆
(j)

Λ
(i)
n

≥ α

3
dnmax

{︂
0, y(i

∗
n)

n − z′L
}︂
.

The above inequality holds because, for each buyer j in B(i)
n \C(i)

n , we have aj +dj > an+dn by the
definitions of B(i)

n and C
(i)
n . Then, from Eqs. (C.4)–(C.5), for each such j, ∆(j)

Λ
(i)
n

is at least α
3 dnxj .

Furthermore,

∑︂

j∈B(i)
n \C(i)

n

xj ≥ max
{︂
0, y(i

∗
n)

n − z′L
}︂
.

Lower-Bounding the Term un. From the update rule in Eq. (C.3), for each buyer n we have:

un ≥
α

3
dnxn

≥ α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− y(i∗n)n

}︂
,

where the second inequality follows from the way Algorithm 4 sets the value of xn in Eq. (4.5).
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Combining bounds obtained for the LHS of Eq. (C.6), we obtain

un +

N∑︂

j=n

λ
(i)
j 1{an+dn>aj} ≥

α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− y(i∗n)n

}︂
+
∑︂

j∈B(i)
n

∆
(j)

Λ
(i)
n

=
α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− y(i∗n)n

}︂
+
∑︂

j∈C(i)
n

∆
(j)

Λ
(i)
n

+
∑︂

j∈B(i)
n \C(i)

n

∆
(j)

Λ
(i)
n

≥ α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− y(i∗n)n

}︂
+

2α

3
z′1ϕ
(︁
z′1
)︁
− α

3
z′Lϕ

(︁
z′1
)︁

+

∫︂ z′L

z′1

2α

3
ϕ(η)dη +

α

3
dnmax

{︂
0, y(i

∗
n)

n − z′L
}︂

=
2α

3
z′1ϕ
(︁
z′1
)︁
− α

3
z′Lϕ

(︁
z′1
)︁
+

∫︂ z′L

z′1

2α

3
ϕ(η)dη

+
α

3
dnmax

{︂
0, y(i

∗
n)

n − z′L
}︂
+
α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− y(i∗n)n

}︂
.

≥ 2α

3
z′1ϕ
(︁
z′1
)︁
− α

3
z′Lϕ

(︁
z′1
)︁
+

∫︂ z′L

z′1

2α

3
ϕ(η)dη

+
α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− z′L

}︂

≥ dn,

where the last inequality follows from the lemma given below. Consequently, we conclude that the
second set of constraints in Eq. (C.6) is satisfied by the design of system variables in Eqs. (C.3)–(C.5).
Therefore, if the increasing pricing function ϕ satisfies the system of constraints in Proposition 4.1,
it establishes the α-competitiveness of Algorithm 4.

Lemma C.2. If the ϕ function satisfy the constraints in Eqs. (4.6)–(4.7) then

2α

3
z′1ϕ
(︁
z′1
)︁
− α

3
z′Lϕ

(︁
z′1
)︁
+

∫︂ z′L

z′1

2α

3
ϕ(η)dη +

α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− z′L

}︂
≥ dn,

∀dn ∈ [dmin, dmax], z
′
1 ∈

(︁
0, z′L

]︁
, z′L ∈

(︁
0, ϕ∗(dmin)

]︁
.

Proof. Let us denote the left-hand side of the above inequality by

L(z′1, z
′
L, dn),

which is a function of z′1, z′L, and dn. We are going to prove that

L(z′1, z
′
L, dn) ≥ min

{︂
L
(︂z′L
2
, z′L, dn

)︂
, L(z′L, z

′
L, dn)

}︂
.
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Step 1: Find the critical point in the interior. Fix z′L and dn and differentiate L with respect to
z′1. A straightforward calculation shows

∂L

∂z′1
=
α

3
ϕ′(z′1)

(︂
2z′1 − z′L

)︂
.

Since ϕ′(z′1) ̸= 0, setting this derivative to zero forces

z′1 =
z′L
2
.

A direct substitution z′1 =
z′L
2 simplifies the first two terms and yields

L
(︂z′L
2
, z′L, dn

)︂
=

∫︂ z′L

z′L/2

2α

3
ϕ(η)dη +

α

3
dnmax{0, ϕ∗(dn)− z′L}.

Step 2: Evaluate L on the boundary plane where z′1 = z′L. When z′1 = z′L, the integral term
vanishes. One obtains

L(z′L, z
′
L, dn) =

α

3
z′Lϕ(z

′
L) +

α

3
dnmax{0, ϕ∗(dn)− z′L}.

This can be written as

α

3
dnϕ

∗(dn)−
α

3
z′L

(︂
dn − ϕ(z′L)

)︂

for values of z′L ≤ ϕ∗(dn).

Step 3: Evaluate L on the boundary plane where z′1 converges to zero. It can be verified that
L(z′1, z

′
L, dn) is lower-bounded by L(z′L/2, z

′
L, dn), as z′1 converges to zero, as follows:

L(0, z′L, dn) =

∫︂ z′L

0

2α

3
ϕ(η)dη +

α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− z′L

}︂
− α

3
z′Lϕ

(︁
z′1
)︁

≥
∫︂ z′L

z′L/2

2α

3
ϕ(η)dη +

α

3
dnmax

{︂
0, ϕ∗

(︁
dn
)︁
− z′L

}︂
= L(z′L/2, z

′
L, dn),

where the inequality follows from the fact that ϕ function is increasing.

Putting together the above results, in the above three steps, since a continuous function on a
closed interval attains its minimum either at a critical point or on the boundary, for each fixed z′L
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and dn we have

L(z′1, z
′
L, dn) ≥ min

{︂
L
(︂z′L
2
, z′L, dn

)︂
, L(z′L, z

′
L, dn)

}︂

= min

{︄
α

3
dnϕ

∗(dn)−
α

3
z′L

(︂
dn − ϕ(z′L)

)︂
,

∫︂ z′L

z′L/2

2α

3
ϕ(η)dη +

α

3
dnmax{0, ϕ∗(dn)− z′L}

}︄

≥ dn,

where the last inequality follows from the constraints in Eq. (4.6) and Eq. (4.7).

C.2 Proof of Proposition 4.2

We need to prove that for each dn ∈
[︁
dmin, dmax

]︁
, for all

y1 ∈
[︂
0,
ϕ∗(dn)

2

]︂
and y2 ∈

[︂
0, ϕ∗(dn)

]︂
,

the following constraints for ϕ are satisfied:

∫︂ 2y1

η=y1

2α

3
ϕ(η)dη +

α

3
dn

(︂
ϕ∗(dn)− 2y1

)︂
≥ dn, (C.9)

α

3
dnϕ

∗(dn)−
α

3
y2

(︂
dn − ϕ(y2)

)︂
≥ dn. (C.10)

where ϕ∗(dn) = sup
{︂
x ∈ [0, 1] | ϕ(x) ≤ dn

}︂
.

For any value of dn ∈ [dmin, dmax], following the design of the ϕ function, whose value changes
only at the points

{︂
ϵ, 2ϵ, . . . , ⌈1ϵ ⌉ · ϵ

}︂
,

we have ϕ∗(dn) = ϵ ·m for some m ∈
{︂
1, 2, . . . , ⌈1ϵ ⌉

}︂
because of the constraints in Eq. (4.8c) and

Eq. (4.8d).

Thus, for any y1 ≤ ϕ∗(dn)
2 = ϵ·m

2 , the left-hand side of the constraint in Eq. (C.9) can be
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lower-bounded as follows:
∫︂ 2y1

η=y1

2α

3
ϕ(η)dη +

α

3
dn

(︂
ϕ∗(dn)− 2y1

)︂

=

∫︂ 2y1

η=y1

2α

3
ϕ(η)dη +

α

3
dn

(︂
ϵ ·m− 2y1

)︂

≥
2⌊ y1

ϵ
⌋·ϵ∑︂

j=⌊ y1
ϵ
⌋·ϵ

2α

3

(︂
ϕ
(︁
ϵ · j

)︁
− ϕ

(︁
ϵ · (j − 1)

)︁)︂
ϵ+

α

3
ϕ
(︁
ϵ · (m− 1)

)︁(︂
ϵ ·m− 2ϵ ·

(︂
⌊y1
ϵ
⌋+ 1

)︂)︂

=

2i·ϵ∑︂

j=i·ϵ

2α

3

(︂
ϕ
(︁
ϵ · j

)︁
− ϕ

(︁
ϵ · (j − 1)

)︁)︂
ϵ+

α

3
ϕ
(︁
ϵ · (m− 1)

)︁(︂
ϵ ·m− 2ϵ · (i+ 1)

)︂

≥ϕ
(︁
ϵ ·m

)︁
≥ dn,

where i = ⌊y1ϵ ⌋. The second inequality follows from some simple algebra, the third inequality follows
from the constraint in Eq. (4.8e) (since i ≤ m

2 ), and the last inequality follows from the definition
of ϕ∗ and m.

Thus, the first constraint in Eq. (C.9) is satisfied for every dn ∈ [dmin, dmax] and every y1 ∈[︂
0, ϕ

∗(dn)
2

]︂
.

Next, let us prove that the constraint in Eq. (4.7). The LHS of that constraint can be lower-
bounded as follows:

α

3
dnϕ

∗(dn)−
α

3
y2

(︂
dn − ϕ(y2)

)︂

≥ α

3
ϕ(ϵ · (m− 1))ϵ ·m− α

3
ϵ ·
(︂
⌊y2
ϵ
⌋+ 1

)︂(︂
ϕ(ϵ ·m)− ϕ(⌊y2

ϵ
⌋)
)︂

=
α

3
ϕ(ϵ · (m− 1))ϵ ·m− α

3
ϵ · (i+ 1)

(︂
ϕ(ϵ ·m)− ϕ((i+ 1) · ϵ)

)︂

≥ ϕ(ϵ ·m) ≥ dn,

where i = ⌊y2ϵ ⌋, the first inequality follows from simple algebra, the second inequality follows from
the constraint in Eq. (4.8f) (since y2 ∈ [0, ϕ∗(dn)], thus i ≤ m), and the final inequality follows
from the definition of the ϕ function. Thus, the constraint in Eq. (C.10) is satisfied for every
dn ∈ [dmin, dmax] and for every y2 ∈

[︂
0, ϕ∗(dn)

]︂
.
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C.3 Proof of Corollary 4.1

We now prove that for the given design of the ϕ function, the constraints in Proposition 4.1 (see
Eqs. (4.6) and (4.7)) are satisfied when

α = 3 ·
(︂
1 + ln

dmax

dmin

)︂
.

Proof for Eq. (4.6). The left-hand side of Eq. (4.6) can be lower-bounded as follows:

∫︂ 2y1

η=y1

2α

3
ϕ(η)dη +

α

3
dn

(︂
ϕ∗(dn)− 2y1

)︂

≥
∫︂ 2y1

η=0

α

3
ϕ(η)dη +

α

3
dn

(︂
ϕ∗(dn)− 2y1

)︂

≥
∫︂ ϕ∗(dn)

η=0

α

3
ϕ(η)dη

≥dn,

where the first and second inequality follows because ϕ is an increasing function. The final inequality
is a consequence of the specific design of the ϕ function stated in the corollary.

Proof for Eq. (4.7). The left-hand side of Eq. (4.7) can be lower-bounded as:

α

3
dnϕ

∗(dn)−
α

3
y2

(︂
dn − ϕ(y2)

)︂

=
α

3
y2ϕ(y2) +

α

3
dn

(︂
ϕ∗(dn)− y2

)︂

≥
∫︂ ϕ∗(dn)

η=0

α

3
ϕ(η)dη

≥dn,

where the equality is obtained by rearranging the terms. The first inequality follows from the
increasing nature of ϕ and the corresponding definitions of y2 and ϕ∗(dn). The final inequality is
ensured by the design of the ϕ function provided in the corollary.

Since the proposed design for the ϕ function satisfies both sets of constraints, it follows that
Algorithm 4 obtain competitiveness 3 ·

(︂
1 + ln dmax

dmin

)︂
for the give design in Corollary.
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C.4 Proof of Proposition 4.3

Following the same proof structure as in [SJTB24] for the online selection problem, we can prove the
lower bound 1+ln

(︁
dmax
dmin

)︁
on the competitiveness of every online algorithm for the kRental-variable

problem. Thus, based on Corollary 4.1, we can claim that Algorithm 4 is order-optimal.

We can design a set of hard instances for the kRental-variable problem similar to [SJTB24].
Let A(k, d) denote a batch of k identical buyers, each with a rental duration request d (with
d ∈ [dmin, dmax]). Divide the uncertainty range [dmin, dmax] into m− 1 sub-ranges of equal length

∆d =
dmax − dmin

m− 1
.

Let D := {di}i∈[m], where di = dmin + (i− 1)∆d for i ∈ [m]. Define an instance

Idi := A(k, d1)⊕A(k, d2)⊕ · · · ⊕ A(k, di),

which consists of a sequence of buyer batches with increasing rental duration requests, arriving in
an arbitrarily short interval one after the other (here, A(k, di) ⊕A(k, dj) denotes a batch A(k, di)
followed by a batch A(k, dj)). In this construction, all buyers—from the first batch with valuation
d1 to the last batch with valuation dm—arrive within a short time interval [0, ϵ], where ϵ is a small
constant satisfying ϵ < dmin.

We consider the collection {Idi}i∈[m] as a family of hard instances for the kRental-variable

problem. Using the same proof structure as in the proof of Lemma 2.3 in [SJTB24], we derive the
optimal competitive ratio that any online algorithm can achieve on these hard instances. Conse-
quently, we establish the lower bound 1+ln

(︁
dmax
dmin

)︁
for the competitive ratio of every online algorithm

in this setting.
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Appendix D

Proofs of Chapter 5

D.1 Proof of Theorem 5.1

Given an instance I = {vn,j}n∈[N ],j∈[J ] of the Matching-BW problem and a realization of j posted
prices p = {pj}j∈[J ], let {Xn,j}n∈[N ],j∈[J ] denote the online solution of rStatic-matching. Then
the utility of buyer n and the total revenue earned by selling resource j can be determined by

un =
∑︂

j∈[J ]
Xn,j [vn,j − pj ],

rj =
∑︂

n∈[N ]
Xn,jpj .

The expected social welfare of rStatic-matching can be lower bounded by the total expected
revenue and the total expected utility of the buyers that make purchases in the offline optimal
solution, i.e.,

E[ALG(p, I)] =
∑︂

n∈[N ]
E[un] +

∑︂
j∈[J ]

E[rj ]

≥
∑︂

j∈[J ]

[︃∑︂
n∈N ∗

j

E[un] + E[rj ]
]︃
,

where N ∗
j ⊆ [N ] is the set of buyers who decide to purchase resource j in the offline optimal

solution. The offline social welfare can be denoted by OPT(I) =
∑︁

j∈[J ]
∑︁

n∈N ∗
j
vn,j . Thus, to prove

Theorem 5.1, it is sufficient to show that

∑︂
n∈N ∗

j

E[un] + E[rj ] ≥
1

αj

∑︂
n∈N ∗

j

vn,j , ∀j ∈ [J ]. (D.1)

For each instance I, let I(n,j) denote a modified instance, in which the valuation vn,j of buyer
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n for resource j is set to 0, forcing buyer n not to purchase resource j. Given j posted prices p,
let u(n,j)n denote the utility of buyer n from rStatic-matching under the modified instance I(n,j).
We call u(n,j)n a shadow utility. Note that the shadow utility captures the competition from other
resources when buyer n considers purchasing resource j. The larger u(n,j)n is, the more likely buyer n
is to purchase resources other than j. Then we define the effective valuation of buyer n on resource
j as

v̂n,j = vn,j −min{u(n,j)n , vn,j}. (D.2)

Since u(n,j)n ≥ 0, we have v̂n,j ∈ [0, vn,j ], which can be smaller than the lower bound vmin,k. The
shadow utility u(n,j)n and effective valuation v̂n,j satisfy the following properties.

(i) The utility of buyer n is not less than its shadow utility, i.e., un ≥ u
(n,j)
n . If resource j has

been sold out upon the arrival of buyer n, then un = u
(n,j)
n . Otherwise, before the arrival of buyer

n, rStatic-matching is exactly the same under both instance I and I(n,j). Under the instance I,
buyer n has an additional resource j to choose from, and thus her utility must satisfy un ≥ u(n,j)n .

(ii) Buyer n purchases resource j if her effective valuation exceeds the posted price pj , i.e.,
v̂n,j > pj , and the resource j has not been sold out. This is because v̂n,j > pj implies vn,j−pj > u

(n,j)
n ,

indicating that purchasing resource j yields a greater utility than all other resources.

RecallN ∗
j contains buyers that purchase resource j in the offline algorithm. Let (v̂∗1,j , v̂

∗
2,j , . . . , v̂

∗
N∗

j ,j
)

denote a sequence of non-decreasing effective valuations of buyers in N ∗
j , where N∗

j = |N ∗
j |. Fur-

thermore, define a non-decreasing sequence of thresholds (y0,j , y1,j , y2,j , . . . , yN∗
j ,j

) such that y0,j = 0

and ϕj(yi,j) = v̂∗i,k,∀i ∈ [N∗
j ]. Let νj(y) =

∑︁
n∈[N ]Xn,j denote the total number of sold copies of

resource j by rStatic-matching when the static price of resource j is given by ϕj(y). Then we
have

νj(y) =
∑︂

n∈[N ]
Xn,j ≥

∑︂
i∈[N∗

j ]
I{y ≤ yi,j}, ∀y ∈ [0, 1]. (D.3)

To see the above inequality, if resource j is not sold out after the execution of the entire instance, then
all buyers with effective valuations larger than ϕj(y) purchase resource j, and thus the inequality
holds. If resource j is sold out, then νj(y) = Ck ≥

∑︁
i∈[N∗

j ]
I{y ≤ yi,j}.

Conditioned on the shadow utilities {u(i,j)i }i∈[N∗
j ]

from buyers inN ∗
j , the expected revenue earned

from resource j can be lower bounded by
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E
[︂
rj

⃓⃓
⃓{u(i,j)i }i∈[N∗

j ]

]︂
≥
∫︂ 1

0
νj(y)ϕj(y)dy (D.4)

=

N∗
j∑︂

i=1

∫︂ yi,j

0
ϕj(y)dy (D.5)

≥
N∗

j∑︂

i=1

[︂
ϕj
(︁
yi,j
)︁
−
(︂
1− 1

αj

)︂
vi,j

]︂
(D.6)

≥ 1

αj

N∗
j∑︂

i=1

vi,j −
N∗

j∑︂

i=1

u
(i,k)
i , (D.7)

where inequality (D.5) is obtained by substituting equation (D.3) and exchanging the summations.
To see the inequality (D.6), note that the designed inverse CDF function ϕj in equation (5.5) can
ensure the following inequalities:

1. When yi,j ∈ [0, ωk), we have

ϕj
(︁
yi,j
)︁
−
∫︂ yi,j

0
ϕj(x)dx ≤

(︂
1− 1

αj

)︂
vmin,k ≤

(︂
1− 1

αj

)︂
vi,j ,

where vi,j ≥ vmin,k since buyer i is from set N ∗
j and thus interested in resource j.

2. When yi,j ∈ [ωk, 1], we have

ϕj
(︁
yi,j
)︁
≤
∫︂ yi,j

0
ϕj(x)dx+

(︂
1− 1

αj

)︂
ϕj
(︁
yi,j
)︁

≤
∫︂ yi,j

0
ϕj(x)dx+

(︂
1− 1

αj

)︂
vi,j ,

where the last inequality holds since vi,j ≥ v̂i,j = ϕj(yi,j).

Based on inequality (D.1), we can have

E[rj ] = E[E[rj |{u(i,j)i }i∈[N∗
j ]
]] ≥ 1

αj

∑︂N∗
j

i=1
vi,j −

∑︂N∗
j

i=1
E[u(i,j)i ]

≥ 1

αj

∑︂N∗
j

i=1
vi,j −

∑︂N∗
j

i=1
E[ui],

which completes the proof of inequality (D.1). □
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D.2 Proof of Theorem 5.2

We consider a setup for Matching-BW with J resources, each resource having C identical copies.
We furthermore assume that for each resource type j, the valuation vj lies in the interval [L,U ]

for all resource types; that is, the range over which the valuation for each resource type fluctuates
is identical and equal to [L,U ]. Let π be a permutation on the set {1, 2, . . . , J}. Let Al(C, v),
l ∈ {1, 2, . . . , J}, denote a batch of C identical buyers with the same valuation v (where v ∈ [L,U ])
and interest in resources from π(l) to π(J). We construct the hard instances as follows.

Stage I. The instance in this stage is the classic upper-triangle instance from the online matching
literature [DJ12]. In particular, we consider an instance consisting of J batches of buyers in the
form of IL = A1(C,L)⊕A2(C,L)⊕ · · · ⊕ AJ(C,L). The (l+ 1)-th batch of buyers is interested in
the same resources that the l-th batch is interested in except for the resource π(l). We claim that
the optimal randomized online algorithm, denoted by ALG, is a balancing algorithm that equally
assigns buyers in each batch to their interested resources in expectation. Specifically, the balancing
algorithm ALG in expectation assigns qi,l buyers of the batch Al(C,L) to resource i ∈ [J ], where

qi,l =

⎧
⎨
⎩

C
J−l+1 π(i) ≥ l,
0 π(i) < l.

In addition to balancing its inventory, the optimal randomized online algorithm ALG also needs
to consider a protection threshold of ωC for accepting buyers of valuation L such that once the
algorithm allocates one resource up to the protection threshold, it would stop allocating from that
resource. Thus, the final utilization of resource i is min{ωC,∑︁l∈[J ] qi,l} under IL. The value of ω
will be determined after considering instances in Stage II in such a way that the algorithm achieves
the best competitive ratio.

The online balancing algorithm ALG is optimal for the instances in Stage I. This is because any
other algorithm with an imbalanced assignment of buyers to resources in each batch will perform
worse than the online balancing algorithm ALG under some permutation π. For instance, π can be
chosen by the adversary in such a way that the resource with the lowest utilization level is discarded
in the following batch. Since the online balancing algorithm is indifferent to the permutation π, we
consider w.l.o.g. that π is an identity permutation hereinafter.

In contrast to the online balancing algorithm ALG, the offline algorithm assigns all buyers in batch
Al(C,L) to resource π(l), and can attain OPT(IL) = LCJ . Thus, an online balancing algorithm ALG
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with threshold ω can achieve

ALG(ω, IL) = L
∑︂J

i=1
min

{︃
ωC,

∑︂i

l=1

C

J − l + 1

}︃

= L
∑︂lω

i=1

∑︂i

l=1

C

J − l + 1
+ LωC(J − lω)

≈ LClω = LCJ(1− e−ω), (D.8)

where lω is the index such that
∑︁lω

l=1
C

J−l+1 = ωC. Thus ω ≈ ln J
J−lω

, and lω ≈ J(1 − e−ω) as
J → ∞. The last equation is obtained by observing that

∑︁lω
i=1

∑︁i
l=1

1
J−l+1 =

∑︁lω
l=1

∑︁lω
i=l

1
J−l+1 =

lω − (J − lω)
∑︁lω

l=1
1

J−l+1 = lω − (J − lω)ω.

Stage II. At the end of Stage I, the resources from π
(︁
J(1 − eω)

)︁
to π(J) have sold ωC units

of resources. The arrivals of Stage II are constructed similarly to the worst-case instance of the
kSelection-cost in Chapter 2 in the proof of lower-bound obtain for this problem, and only
interested in one of the last Jeω resources. Specifically, an instance of Stage II with maximum value
v (v ∈ (L,U ]) is denoted by Iv = IL⊕AJ(C,L+ϵ)⊕AJ(C,L+2ϵ)⊕· · ·⊕AJ(C, v), which consists of
a sequence of batches that are only interested in the resource π(J) and their valuations continuously
increase from L to v. Then the offline algorithm under instance Iv assigns batch Al(C,L) to resource
π(l) for l ∈ [J − 1] and assigns the batch AJ(C, v) to resource π(J), achieving the optimal social
welfare OPT(Iv) = LC(J − 1) + vC. Let g(v) denote the average representative function of the
resource J by running a randomized online algorithm under instance Iv, where g(L) = ωC is the
maximum sold units in Stage I. The expected social welfare of the online algorithm characterized
by g can be described as ALG(g, Iv) = LClω +

∫︁ v
L udg(u), where the first term is return from the

instance in Stage I and the second term is return in Stage II. Any α-competitive online algorithm
must satisfy ALG(g, Iv) ≥ 1

αOPT(Iv), ∀v ∈ [L,U ]. This gives

LClω ≥
1

α
LCJ, (D.9)

LClω +

∫︂ v

L
udg(u) ≥ 1

α
[LC(J − 1) + vC] , ∀v ∈ (L,U ]. (D.10)

Equation (D.9) gives us a lower bound of the competitive ratio α ≥ eω

eω−1 , and equation (D.10)
gives

g(v) ≥ C

α
+

1

v

∫︂ v

L
g(u)du+

LωC

v
− LC

vα
≥ ωC +

C

α
ln
v

L
, ∀v ∈ (L,U ].

Since g(U) ≤ C, we have α ≥ ln θ
1−ω , where θ = U

L . Thus, the lower bound of Matching-BW is

α ≥ min
ω∈[0,1]

max

{︃
eω

eω − 1
,
ln θ

1− ω

}︃
,
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which is achieved when the threshold ω is the solution of eω

eω−1 = ln θ
1−ω . □
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Appendix E

Proofs of Chapter 6

E.1 Proof of Proposition 6.1

Proof. We employ a randomized version of the LP-free certificate approach (used to prove Propo-
sition 4.1) to derive an upper bound on the competitive ratio of Algorithm 6 for any instance
I ∈ IMatching-RR. In this randomized variant, the set of linear constraints defining the certificate
system to prove the algorithm’s competitiveness need to be satisfied only in expectation.

In the randomized version, depending on the value of the random seed vector s, we first define
the set of variables {un(s), λ(i)n,j(s), θ

(i)
j (s)}i∈[k],n∈[N ]. Then, the final set of variables forming the

system of linear constraints is given by

un = Es∼UJ (0,1)[un(s)] and θ
(i)
j = Es∼UJ (0,1)[θ

(i)
j (s)] = Es∼UJ (0,1)

[︂ ∑︂

n∈[N ]

λ
(i)
n,j(s)

]︂
.

The system of constraints is similar to that in the proof of Proposition 4.1, namely:

∑︂

n∈[N ]

un +
∑︂

j∈[J ]

∑︂

i∈[Cj ]

θ
(i)
j ≤ G · ALG(I), (E.1)

θ
(i)
j +

∑︂

n∈P (i)
j

un ≥
∑︂

n∈P (i)
j

dn · ρn,j = OPT(i)j , ∀j ∈ [J ], ∀i ∈ [Cj ], (E.2)

where

G = max
j∈[J ]

{︄(︂
1 + ln

(︂ρmax,j

ρmin,j

)︂)︂
· αj

}︄
,
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the set P (i)
j is the set of buyers to whom the offline clairvoyant algorithm allocates the i-th unit of

resource j, and

OPT(i)j =
∑︂

n∈P (i)
j

ρn,jdn,j .

If we can find a solution to the above system of linear constraints, the G-competitiveness of Algo-
rithm 6 follows.

Let xn(s) denote the decision variable determined by Algorithm 6 for each buyer n; this is a
random variable that depends on the random seed vector s. It can be verified that, according to
Algorithm 6, once the random seed vector s is realized, the value of xn(s) is determined determin-
istically.

Let us define the set of variables {un(s), λ(i)n,j(s), θ
(i)
j (s)}i∈[Cj ],j∈[J ],n∈[N ] as follows:

un(s) =
G

3
· ρn,j∗n(s) · dn,j∗n(s) · xn(s), (E.3)

λ
(i)
n,j(s) =

∑︂

τ∈B(i)
n,j(s)

G

3
·
(︁
an+1 − an

)︁
· ϕ2,j(sj) · xτ (s)+

∑︂

τ∈C(i)
n,j(s)

G

3
·
(︁
2 · dτ,j + aτ − an

)︁
· ϕ2,j(sj) · xτ (s), (E.4)

where

B
(i)
n,j(s) =

{︂
τ ∈ [1, n]

⃓⃓
⃓j∗τ (s) = j, i∗τ,j(s) = i, aτ + dτ,j > an+1

}︂
,

and

C
(i)
n,j(s) =

{︂
τ ∈ [1, n]

⃓⃓
⃓j∗τ (s) = j, i∗τ,j(s) = i, an < aτ + dτ < an+1

}︂
.

Furthermore, we set

θ
(i)
j (s) =

∑︂

n∈[N ]

λ
(i)
n,j(s).

Feasibility of First Constraint Eq. (E.1). Let ALG(s) denote the expected objective value of
Algorithm 6 on instance I, conditioned on a given realization of the random seed vector s. The
expectation is taken over all sources of randomness other than that introduced by s. In addition
to the randomness from the seed vector s, the algorithm employs other random processes (e.g.,
in Line 17). Consequently, ALG(s) represents the expected objective value of the algorithm with
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respect to these additional random processes.

We wish to show the following stronger version of Eq. (E.1):

∑︂

n∈[N ]

un(s) +
∑︂

j∈[J ]

∑︂

i∈[Cj ]

θ
(i)
j (s) ≤ G · ALG(s). (E.5)

where in above Eq. (E.1) holds on any realized value of the random seed vector s.

To begin, let ∆
ALG(s)
n be the increase in the expected objective value of Algorithm 6 after pro-

cessing buyer n. By reasoning analogous to that in Proposition 4.1, we have

∆ALG(s)
n = ρn,j∗n(s)dn,j∗n(s)xn(s),

and thus

ALG(s) =
∑︂

n∈[N ]

∆ALG(s)
n =

∑︂

n∈[N ]

ρn,j∗n(s)dn,j∗n(s)xn(s).

Next, consider the left-hand side of Eq. (E.2):

∑︂

n∈[N ]

un(s) +
∑︂

j∈[J ]

∑︂

i∈[Cj ]

θ
(i)
j (s)

=
∑︂

n∈[N ]

G

3
ρn,j∗n(s)dn,j∗n(s)xn(s) +

∑︂

j∈[J ]

∑︂

i∈[Cj ]

∑︂

n∈[N ]

λ
(i)
n,j(s)

≤
∑︂

n∈[N ]

G

3
ρn,j∗n(s)dn,j∗n(s)xn(s) +

∑︂

j∈[J ]

∑︂

i∈[Cj ]

ϕ2,j(sj)
∑︂

n∈[N ]

xn(s)1{j∗n(s)=j,i∗
j∗n(s)

=i}

·
[︂ ∑︂

n′∈D(i)
n,j

G
3

(︁
an′ − an′−1

)︁
+ G

3

(︁
2dn,j + an − an∗

j

)︁]︂

≤
∑︂

n∈[N ]

G

3
ρn,j∗n(s)dn,j∗n(s)xn(s) +

∑︂

j∈[J ]

∑︂

i∈[Cj ]

∑︂

n∈[N ]

xn(s)1{j∗n(s)=j,i∗
ν∗
n,j

(s)
=i}

·
[︂
2 · G3 ρn,j∗n(s)dn,j∗n(s)

]︂

=
∑︂

n∈[N ]

3G
3 ρn,j∗n(s)dn,j∗n(s)xn(s)

≤ GALG(s).

In the above derivation, D(i)
n,j =

{︁
n′ ∈ {n, n+ 1, . . . , N} : an + dn,j > an′+1

}︁
and

ν∗n,j = max
{︁
n′ ≥ n : an′ < an + dn,j

}︁
.
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The first inequality in above follows from rearranging the terms in Eq. (E.4). The second inequality
follows from definition of the set D(i)

n,j and ν∗n,j . Therefore, combining all these pieces, the inequality
in Eq. (E.5) follows.

Feasibility of the Second Set of Constraints (E.2). Using similar reasoning as one done in
Proposition 4.1 to prove feasibility of set of constraints in Eq. (C.6), it suffices to show that, for
each buyer n ∈ P (i)

j ,

N∑︂

n′=n

λ
(i)
n′,j1

{︁
an+dn,j>an′

}︁ + un ≥ dn,jρn,j .

Using a similar argument as done in proof of Proposition 4.1 to lower-bound the term
∑︁N

n′=n λ
(i)
n′ 1{an+dn>an′}

done in Subsection C.7, one can show that we have

N∑︂

τ=n

λ
(i)
τ,j(s)1{an+dn,j>aτ}

≥ ϕ2,j
(︁
sj
)︁
[︄
2G

3
z′1ϕ1,j

(︁
z′1
)︁
− G

3
z′Lϕ1,j

(︁
z′1
)︁
+

∫︂ z′L

z′1

2G

3
ϕ1,j(η)dη

+
G

3
dn,j max{0, yn,j(s)− z′L}

]︄
, (E.6)

where z′1 ∈ [0, z′L] and z′L ∈
[︂
0, ϕ−1

1,j (dn,j)
]︂
.

Note: The set of variables {λ(i)n,j}n∈[N ] is defined in Eq. (E.4) for each unit i of each resource type j.
We could have updated these variables following a similar scheme as in the proof of Proposition 4.1,
where once j∗n(s) = j and i∗n,j = i the subset of variable {λ(i)n,j}n∈[N ] get updated. However, the final
value of each variable would be identical to that given in Eq. (E.4).

Furthermore, we can lower-bound the variable un(s) under the condition that sj ≤ ϕ−1
2,j (ρn,j) as

follows:

un(s) =
G

3
· ρn,j∗n(s) · dn,j∗n(s) · xn(s)

≥ G

3
· ρn,j · dn,j · xn,j

≥ G

3
· ϕ2,j(sj) · dn,j ·max

{︂
0, ϕ−1

1,j (dn,j)− yn,j(s)
}︂
, provided that sj ≤ ϕ−1

2,j (ρn,j).

In the above, the first inequality follows from the fact that j ∈ R (since sj ≤ ϕ−1
2,j (ρn,j)) and

j∗n(s) = argmaxj∈R xn,jρn,jdn,j , and the second inequality is a consequence of the definition of xn,j

135



along with the condition sj ≤ ϕ−1
2,j (ρn,j).

Putting together the lower bounds for
∑︁N

τ=n λ
(i)
τ,j(s)1{an+dn,j>aτ} and for the variable un(s), it

follows that

N∑︂

τ=n

λ
(i)
τ,j(s)1{an+dn,j>aτ} + un(s)

≥ ϕ2,j
(︁
sj
)︁
[︄
2G

3
z′1ϕ1,j

(︁
z′1
)︁
− G

3
z′Lϕ1,j

(︁
z′1
)︁
+

∫︂ z′L

z′1

2G

3
ϕ1,j(η)dη

+
G

3
dn,j max

{︂
0, yn,j(s)− z′L

}︂
+
G

3
dn,j max

{︂
0, ϕ−1

1,j (dn,j)− yn,j(s)
}︂]︄
, (E.7)

provided that sj ≤ ϕ−1
2,j (ρn,j), and for some

z′1 ∈ [0, z′L] and z′L ∈
[︂
0, ϕ−1

1,j (dn,j)
]︂
.

Arguing as before, and using the fact that ϕ1,j satisfies the constraints (6.2) and (6.3), it follows
that the right-hand side of (E.7) is at least G

αj
ϕ2,j
(︁
sj
)︁
dn,j . Hence,

N∑︂

τ=n

λ
(i)
τ,j(s)1

{︁
an+dn,j>aτ

}︁ + un(s) ≥
G

αj
ϕ2,j
(︁
sj
)︁
dn,j , sj ≤ ϕ−1

2,j (ρn,j) (E.8)

Taking the expectation over the randomness in s, we have

un +
N∑︂

τ=n

λ
(i)
τ,j1{an+dn,j>aτ} = Es∼UJ (0,1)

[︁
un(s)

]︁
+

N∑︂

τ=n

Es∼UJ (0,1)

[︁
λ
(i)
τ,j(s)

]︁

= Es∼UJ (0,1)

[︂
un(s) +

N∑︂

τ=n

λ
(i)
τ,j(s)1{an+dn,j>aτ}

]︂

≥ Esj∼U(0,1)

[︂ G
αj
ϕ2,j

(︁
sj
)︁
dn,j

⃓⃓
⃓sj ≤ ϕ−1

2,j (ρn,j)
]︂

=

∫︂ ϕ−1
2,j(ρn,j)

η=0

G

αj
ϕ2,j(η)dn,jdη

≥ ρn,jdn,j ,

where the final inequality follows from the definition (design) of ϕ2,j and the value of G defined in
above. Thus, the second set of constraints in Eq. (E.2) holds.
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E.2 Proof of Proposition 6.2

In order to prove the lemma, we can construct a set of hard instances for the Matching-RR problem
in a manner similar to [SJTB24]. Let

j∗ = argmax
j∈[J ]

dmax,jρmax,j

dmin,jρmin,j
.

Let A(k, ρ, d) denote a batch of k identical buyers, each with a per-unit-time valuation ρ (with
ρ ∈ [ρmin,j∗ , ρmax,j∗ ]) and a rental duration request d (with d ∈ [dmin,j∗ , dmax,j∗ ]). Divide the
uncertainty range with respect to buyers’ valuations,

[dmin,j∗ρmin,j∗ , dmax,j∗ρmax,j∗ ],

into m− 1 subranges of equal length

∆v =
dmax,j∗ρmax,j∗ − dmin,j∗ρmin,j∗

m− 1
.

Define

V := {vi}i∈[m], with vi = dmin,j∗ρmin,j∗ + (i− 1)∆v, for i ∈ [m].

For each i ∈ [m], define the instance

Ivi := A
(︂
k,max

{︂ v1
dmax,j∗

, ρmin,j∗

}︂
,min

{︂
dmax,j∗ ,

v1
ρmin,j∗

}︂)︂
⊕

A
(︂
k,max

{︂ v2
dmax,j∗

, ρmin,j∗

}︂
,min

{︂
dmax,j∗ ,

v2
ρmin,j∗

}︂)︂
⊕

· · · ⊕ A
(︂
k,max

{︂ vi
dmax,j∗

, ρmin,j∗

}︂
,min

{︂
dmax,j∗ ,

vi
ρmin,j∗

}︂)︂
.

This instance consists of a sequence of buyer batches, where the valuation of rental requests in-
creases across batches. Specifically, the batch A

(︂
k,max

{︂
vi

dmax,j∗
, ρmin,j∗

}︂
,min

{︂
dmax,j∗ ,

vi
ρmin,j∗

}︂)︂
is

followed by the batch A
(︂
k,max

{︂
vi+1

dmax,j∗
, ρmin,j∗

}︂
,min

{︂
dmax,j∗ ,

vi+1

ρmin,j∗

}︂)︂
. Each buyer in the batch

A
(︂
k,max

{︂
vi

dmax,j∗
, ρmin,j∗

}︂
,min

{︂
dmax,j∗ ,

vi
ρmin,j∗

}︂)︂
has a valuation equal to vi, and their rental du-

rations and per-unit-time valuations fall within the bounded ranges assumed in the original problem
setting for resource type j∗. In this construction, all buyers—from the first batch with valuation
v1 to the last batch with valuation vm—arrive within a short time interval [0, ϵ], where ϵ is a small
constant satisfying ϵ < dmin,j∗ .

The collection {Ivi}i∈[m] is then considered as the set of hard instances for the kRental-variable
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problem. Since buyers in these instances arrive in a very short time interval, if a unit of a resource is
allocated to a buyer in any batch that resource cannot be used by any other buyer in this instance.

Following the same reasoning as proof of Lemma 2.3 in [SJTB24], one can show that every online
algorithm must have a competitive ratio of at least

max
j∈[J ]

{︃
1 + ln

(︂dmax,j

dmin,j

)︂
+ ln

(︂ρmax,j

ρmin,j

)︂}︃
.
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